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models Solution.

In this paper, the Adomian decomposition method (ADM) and
specially its symbolic capability on the usage for determination of a
solution to partial differential equations is explored. The Adomian
decomposition method is used to solve the time fractional diffusion-
reaction equation. This method is applied for two models of the time
fractional diffusion-reaction equations (Autocatalytic reaction and
Bistable and Schlogl models). The results given by this method show
that, the effectiveness of the solution is closed Adomian
decomposition method for time fractional diffusion-reaction equation
to practical proposals of our research and is close to the exact
solution. Moreover, the current method is introduced for the solution
of the time fractional diffusion-reaction equation. The concentration
of the species function is proportional directly with all the physical
parameters in the “Bistable or Schlogl model” and inversely in case
of” Autocatalytic model” respectively. The approximate solution
considered that, the first and second driven terms of the
decomposition are enough for the approximate solution.
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Introduction

Since Adomian invented Adomian
decomposition method (ADM) in early
1980s and wrote two masterpieces by
(Duan et al., 2012) for it. ADM has
become a very popular technique. It has
been extensively used to solve many
types of problems, including PDEs,
ordinary differential equations (ODEs),
functional equations, etc. Normally we
can get an approximate solution of
truncated series by ADM. Moreover, for
a certain problem it even becomes an
analytic method to get analytic solution
of infinite series, if we could find the
pattern of series coefficients. Time
fractional diffusion-reaction equation is
a fundamental partial differential
equation (PDEs) in fluid mechanics.
Analytical solutions of PDEs modeling
physical phenomena exist in some cases.
ADM represents a powerful technique
for solving all kinds of ordinary and
partial differential equations. It is valid
and effective for linear and nonlinear
equations. Its efficiency is well known to
possess rapidly convergent solutions and
only a few iterations reach the desired
accuracy. Although first order PDEs are
relatively simple compared with higher
order ones. The fractional differential
equations have been the focus of many
researchers because of their frequent
appearance in  biology, physics,
engineering, viscoelasticity and fluid
mechanics as given by authors
(Mohammadein et. al., 2020; EI-Amin,
2025-d).
A survey of the ADM and its
applications to fractional differential
equations was presented by (Duan et al.,
2012). Hemeda et al., 2021 study the
iterative solution of the fractional fluid
flow between two infinite parallel plates.

Similarly, the ADM is employed to solve
the time fractional Burgers equation as
provided by (Akpan, 2015; Alwehebi,
et al, 2023). The Adomian
decomposition method was examined by
(Tzon et al., 2021) for first-order PDEs
involving unprescribed data. (Fuad et al.,
2022) address the electro-magneto
hydrodynamic  fractional-order  fluid
problems  using  new  similarity
transformations. The spatial fractional
boundary-layer flow over a vertical plate
approximately is  investigated by
(Mohammadein et. al., 2020).

Gul et al., 2021 gave similarity variable
transform from PDEs into fractional-
order ODEs by special substitution.
Recently, the modeling of fractional
transport phenomena in fluid flow is
investigated by (EI-Amin, 2025-d) with
wide applications in industry and
medical sciences. Moreover, some
methods for solving fractional PDEs are
studied for renewable energy systems as
given by (EI-Amin 2024-a, b, and c).
Also, methods in an optimal control
efforts for solving fractional differential
equations (FDEs) are applied in different
fields (Ali et al., 2024 and El-Mesady
et al, 2025). In normal partial
differential equations, there are many
problems of fluid flow and bubble
growth are studied by (Abo-Eldahab,
2004; Abu-Nab et al. 2022).

Adomian Decomposition Method

A solution of nonlinear partial
differential equation is illustrated by
Adomian decomposition method in the
general form:

L[ z(y.t) ]+ R[z(y.t)]

+N[z(y,t):|= f(y.t) )
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where L'[. =g. show the partial
ot

derivative operator with regard to time t.

Although R[.] is a linear operator, partial
derivatives with respect to y are typically
taken into consideration. Additionally,
N[.] represents a nonlinear analytic
operator and a non-homogeneous
arbitrary function, f (y,t) is assumed to

be independent of function of z(y, t). The
function z(y,0) = g(y) represents the
initial condition of Eg. (1), and it
considered together with the initial
condition z(y,0) = g(y). In the following,

the operator L' is invertible is assumed,

and therefore we can apply L™ to both
sides of Eqg. (1), then

2(y.t)=9(y)-L"R[z(v,t)]

—LN[z(y, ) [+ L[ F(v.1)] @

The existence of a series solution of Eq.
(1) is assumed in which z(y,t) can be
represented by

=3z, (vt

©

Moreover, the nonlinear term N[z(y, t)]
can be decomposed according to

N[2()]=2 A () o

where {An} 0<n<o gare indicated to
the Adomian polynomials. They can be
calculated on basis of the simple rule

'Mnl(z dl L(S)

By substituting the series expansions (3)
and (4) into Eq. (1), then

Al(z.2,2,)=
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g; J(xt)=g(x)-L"R [Zyn xt)}
—L‘lnzzt;Aq(x,t)+L‘1|:f(x,t):|

(6)

In this paper, the problem of time
fractional diffusion-reaction equation is
solved by using ADM for a given two
models. The Autocatalytic represents the
first  model. The second model
introduced as a Bistable and Schlogl
model. Both models are studied under
the effect of fractional ¢ diffusion
coefficient, power parameter “m”, and
the time “t”. The only first and second
driven terms of the decomposition is
considered for the approximate solution.
Analysis

The diffusion equation under the effect
of rate of chemical reactions is
considered as a partial differential
equation. The general form of
distribution for a concentration of the
species has the form:

a—:c:‘=de2q+ R
at (7)

where:

a=0(XY.2,1) is the concentration of
the species.

t is time.
X, ¥:Z represents the spatial variables.

d is the diffusion coefficient.

V? is the Laplacian
representing diffusion.

operator,

R=R(q,%Y,21) is the reaction term,

describing the rate of chemical reactions.



Rate of chemical reaction

The specific forms for R=R(q) as a
function of the concentration are studied
in the two following cases:
Autocatalytic Reactions:

R= kqm . (8)
The above equation (8) represents a
reaction rate, which are a function of
concentration of the reactant raised to
some power “m”

Bistable or Schlogl Model:

A model that can lead to bi-stability in
the system.

R(Q):kl_k2q+k3q2_kzq3_ (9)

Adomian Decomposition Method for
Autocatalytic Reactions

The linear fractional heat reaction-
equation and the specified initial
condition are considered as follows:

0"d _wy 06
=%d, 2o g
o =2 gt

a(xy.z.0)=f(xy.z) (10)

for the above equation (10), applying

D’ , then:

The concentration of the species in terms
of Adomian decomposition becomes:

(12)

where A are Adomian polynomials that

depend on (O 1 ¢ L PYRTRTIS 4 The

resulting
Expression becomes:
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= ox.2
° - ' (13)
+D (Z Aj]
0
The recurrence relation is given by:
Qo = f
oo 90
;s =0; + D [Z f 6_21]"' DA
= ‘ (14)

The Adomian polynomial is determined
by introducing a parameter” A’ as
follows:

K S i
A= S ta

40 (15)

Then in view of equations (14) and (15),
we have:

-a - aij -a
ql_q0=Dt deF +Dt AJ'
i=1 Xi

(16)
By applying the ADM we can write
n azq
Qj.= D [de ax.zj ]"‘ Dt_aAj
= ' a7
so that
k di (& i)
A = i quij
jltda 5
A=0 (18)
0 m
A = &ﬁ[(% + QA+ QA0+ }M
= kqom =kf" (19)

A= %%[(qo + QA 4+0,A% +-~)m}
= km(d + G A+ QA ++- -)m_l (20)
*(0+20,2+30,0° +++)

A=0

= kmqom_lql = kmf m—1q1
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2 " —a+p[3g F%), o
A2=EW|:(qO+ql/l+q2ﬂ«2+”') :L_O 0,=0, D [Zd ] D‘ A1
: , et d frpkEm [F ) J+d D] [f + d ki " ) [r(;:u)J]
_kd m(q0+ql/1+q2/1 +) *
2dA (q1+2q2/1+3q3/12+---) [kmfm[ (o )[ DJ
_m(m—l)(qo+q1/1+q2;tz+---)m_2 x| MCLSLE [ J [ [ a+l)J (g 17+7)’ [r(2a+1)D
2 mt t
_ k| (o+20,24+30,2% 4 ) + [k'“f [ (gm0 +1>D]
- 2 m—l*
m(q0+ql/1+q2/1 +) (24)
(2q2 + 6q3l+ o ) ] Then
km 2 m-1 = + +
L m=D(a)"" (@) +(a)" (20,)] AT, )
=3f +2(d, f"+kf"
21) G=3f+2(d, 17+ )(F(a+1)J
Close to what has been done, from a te
recurrence relation, one gets [F(a+1))
+d, ,
I R L TR T U N S
qj+l=q0+Dt (deaTQJ]+Dt Aj +(dff i ) (F(2a+l)]
i=1 i
il L
o =f F(a +1)
+| kmf ™ ;
o, O Y w(d, FrakEm)| —
0, =0+ D, [deaquoj"'Dt A ( ! )(F(Zajtl)
i=1
25
= f+d, D7 (f")+ D" (kf") (25)
= f+d, £ D (1)+kf" D (1) Discu§sion of results for Autocatalytic
. N Reaction model
=f +(df "+ kf ) D7 (1) Concentration of the species function is
. i t deduced analytically by the method of
= f +(df f7+kf ) @+ ADM into the reaction function of power
99 to “m” as obtained by equation (25). In
(22) these  calculations, the  physical
-5
C 0°q arameters d; =10 and f=¢" as an
=q,+ D d 0 1+ D P
=%+ [,zzl“ " ox? ] ch initial concentration function.

—f4d D‘“(f")+D‘“(kfm) Visualizations shows the variation of
B P ! concentration of the species function
=f+d, f"D“(1)+kf" D;“(2) against to distance x for some values of
B " m\ ~a fractional parameter” &> as shown in Fig.
= f+(d, "+ ") D" (1) (1) whenm=2, k=0.004and t=100.1.

¢ g t® On contrary when m=2,k =0.005, and
= f+(d f"+k") r(a+1) t=100.1 as shown in Fig. (2). It is noted
(23) that when & increases then the

concentration decreases. The variation of



concentration of the species function
against to distance x for variant values of
time “t” is shown in Fig. (3). It is noted
that when time increases then the
concentration is proportional inversely
with the time values “t”. The variation of
concentration of the species function
against to distance x for variant values of
diffusion parameter “d,” is shown in

Fig. (4). It is noted that the concentration
proportional directly with diffusion
parameter “ d, ”. The variation of

concentration of the species function
against to distance x for different values
of power parameter “m”, and diffusion
coefficient “K” is shown in Figs. (5-6). It
IS noted that the concentration
proportional  inversely  with  both
parameters.

x)

Fig. (1): The concentration varies against
distance for some values of fractional

parameter “ @ ”  when m=2

di =107 K =0.004 gng t=100.1
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X

Fig. (2): The concentration varies against
distance for some values of fractional

parameter ¢ @ » when M=2
d, =10,k =0.005 , and t =100.1.

mx)

0.8
0.6 =075
paf

0.2

1 1 3 4 5

Fig. (3): The concentration varies with
distance for some values of time U when

m=2’ df =lo—5’k=0_5 ,andrx = D'g.

del 104

del 6104

dpl 12010 4

Fig (4): The concentration varies against
distance for some values of diffusion

parameter “d, ” when t :100-1, k=0.005,
m=2,and @ =0.9
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X
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B opa

Fig. (5): The concentration varies against
distance for some values of power
parameter “m when t=100.1, k =0.001
and o =0.9.

15X}

E=0.001
E=0.005
b= 0.000

I I 1
1 2 3 4 5

Fig. (6): The concentration varies against
distance for some values of diffusion

coefficient “K” when t =100.1, d, =107, ,
m=2and =0.9.
Adomian decomposition method for

Bistable or Schlogl reaction model
The recurrence relation is given by:

Qo = f (26)
q;,=D" [Zd ]+ DA,
' § (27)

Introducing a parameter A in the
Adomian polynomials, then, in view of
equations (22) and (23), we have:

Mohammadein et al., (2025)

The Adomian polynomials in case of

Bistable model has the form:

[Zd ]+D “A

(28)

k[ |
- faga!
/1][20', o0 }

10 (29)

By applying the ADM we can write

qj+1 = Dt_ [Zd ) aA

(30)
So that
- kl_kz[ij'/%jj
1 d’ 0
A1=ﬂd/1j ° 2 - N3
+k3[2qj/1’) —k{qui’]
| 0 0 Jdi=0
R(Q)=kl_kzq"'kaqz_k4q3
(31)
k1_k2(QO+Q12'+q2/’l'2+"')
1 d° 5 2
A =51a4° +kg (Ao + WA+ QA% +--+)
—ky (Ao + A+ A% +) |

A = k1 - kzqo + I(3‘1102 - k4C103
(32)

kl_kz(qo*'qlﬂ*"'qz;tz""")

1 d* 2
+K, (o + QA+ A +-+)

A=Tian

—k, (G + G2+ A2 +--)

2=0
—k, (0, + 20,2 +-++)

=| +2K, (0 + QA + QA" +---) (0 + 2,4 +-+)
=3k, (o + A + 0, A7 +---)2 (o +20,4+) |

A ==k, (6)+ 2k (00) () — 3k, (d)” (o)

(33)
Close to what has been done, from a
recurrence relation, one gets
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Q= D [Zd ] aA

(34)

Qo= f (35)

NENRY B
4, =g, + D, [Zd aqu]J’D A

i=1

= f+d, D7 (f")
+D" (kl - kzqo + k3q02 - k4qo3)

d f"+k —k
_ f + f 1 ZqO Dt_a (1)
"'k3Q(>2 - k4q03
d, f"+k, —k,q, t”
G ="f+ —
"'ksqo2 - k4qo3 F(a +1)
n 62q
a, q1+D“’(Zd 1]+ DA
.. d, f"+k —k,f e
+k, f2—k,f° ) T(a+1)

o d, f7+k —kFY [ e
+ o fr+
. +k, F2—k, 3 T(a+1)

+D7 (—k, + 2k () =3k, (1))
S d, f"+k —k,f t
+h, 21—k, f2 J\T(a+l)
Tk =k, T t
+k, F2 =k, ][ a+1)J

ol
[ (s )

(e 2k (1) =3k, (1))

t¢ d, f"+k -k, f 12
*| f +
M(a+1)) \+kf2 =k, f* )\ T(2a+1)

Then

(37)

q=q,+0, +q,

d, f"+k —k a
q:3f+2[f o zq‘]J[—t j
+k3qo _k4qo F(OH']')

£ d, f7+k —k,fY [ g
+d, | f" + _
C(a+1)) | +k,f?—k,f° ['(2a+1)

(=, + 2k (1) =3k, (£)7)

(36) o[t d, f"+k —k,f {2
(e Gt Nmeem)

(38)
Discussion of results for Bistable or
Schlogl reaction model
Concentration of the species function is

obtained by using Adomain
decomposition method for reaction
function rating
R(a) =k —ka+ka’ =k’ i case of

Bistable or Schlogl reactions by equation
(35). In these calculations, the physical

parameters d, =10 and f =e™ as an

initial concentration function.

The variation of concentration of the
species function against to distance X is
plotted for some fractional parameter
values “@ “as shown in Figs. (7-8). It is
noted that when & increases then the
concentration increases. The variation of
concentration of the species functions
against to distance x is plotted for

|

different values of time t as shown in Fig.

(9). It is noted that when time increases
then the concentration increases. The
variation of concentration of the species
function against to distance x is plotted
for different values of diffusion
coefficient “d, ” is shown in Fig. (10). It

that concentration is
directly with diffusion

is  noted
proportional
coefficient.
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1xy )
0l
— =07
i _qp-d
0.4 - i dp =10
06- — dp=6s107F
. . e=08 s
e — dp=1ew0”
ae=10
04t
paft
o2t
Bl
| | | | . R ST T N [T TR TR TR TR SN TR TN SR T NN T N S S | PR S S N R SR TR |
p 4 : i == 1 1 3 4 5 5

Fig. (7): The concentration varies against

distance for some values of fractional order Fig. (10): The concentration varies against

distance for some values of diffusion

& when t=100.
parameter “d, 7,10 <d, <10 when
N L a=09
— o=08
04l — a=0 Conclusion
) — e=10 The conclusions points of the above
“F results and plotted figures are as follows:
o2 1. Concentration of the species function
b is regularly change with the variation of
dominants parameters as fractional
0 2 . s : w ' @ time t, diffusion coefficient “ d, ~
Fig. (8): The concentration varies against power parameter “m”, and parameter
distance for some values of fractional order “K”.
& when t=120. 2. Concentration of the species function
o proportional inversely with fractional
parameter, time, power factor “m”,
er ::: coefficient “K” and directly with
04l | i coefficient of diffusion “d,” in case of
Autocatalytic model.
03F =100

3. The concentration of the species
o2} function is proportional directly with
fractional parameter, time and with
diffusion coefficient in case of “Bistable
| . . - i, or Schlogl Model”.

olF

L] 2 4 L] H] 19 . . .
4. The concentration is proportional
Fig. (9): The concentration varies against directly with diffusion coefficient «d,”
distance for some values of time when .
0.9 in both cases.
o =V.

5. The concentration is affected by the
reaction term R(u) which is considered
as a dominate factor in the Autocatalytic



Reaction and Bistable or Schlogl
Reaction Models.

6. The concluded results prove the
validity of the proposed model.

7. The current work can be extended for
other physical chemical reaction forms

R(u) as a future prospect.
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