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In this paper, we aim to obtain the investigation of the coordinated

coordinated, search problem, in which the velocities of each searcher is a random

Search model, variable. Our main goal is to find a randomly located target on the real

Randomly located, line; this target may be a hole in an oil pipeline or a cut in a power cable

Randomly below the sea surface. Currently, there are two searchers on the line, and

velocity, Real line. instead of starting at the origin, they search from any point on the line.
The first searcher searches the right part, and the second searcher
searches the left part. We provide the most efficient coordinated search
method, and we calculate the expected value of the time to detect the
target. In addition, the conditions under which this expected value can
be minimized were derived. The most important aspect of this method is
that we have possession of the most effective method for search

optimization.
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Introduction
Searching for a missing target is

considered a momentous issue at all
times, and significant applications of the
probability theory, such as searching for
the explosive devices, the volcanoes, the
fire beams, the exploration submarine,
the remains of sunk ships, and the
treasures in the depths of the seas and
the oceans, etc. The missing target may
be stationary or moving and has
symmetric or asymmetric distribution.
The main purpose is to find this missing
target in the shortest amount of time
(with the lowest possible cost). In the
case of a randomly located target on the
real line, which has a known probability
distribution, the searcher will search for
the target at a certain speed according to
the nature of the search environment.
The target will be found if the searcher
reaches it. This problem has been
extensively studied in many previous
works (Mohamed and Abou Gabal,
2000; El-Rayes et al. 2003; Mohamed,
2005; Stone et al. 2016; Afifi and El-
Bagoury, 2021; Afifi and Kacem,
2024).

One of the most well-known methods of
searching for a lost target is the
coordinated search method. It represents
one of the top proposed look methods,
with the search range partitioned into

specific cells or areas to search.

It depends on two searchers, 5; and
5, starting from the origin and looking
for the lost target: §; and 55, searching

for the target on the right and left parts,
respectively. They return to the starting
point after searching for the missing
target.

This method was previously investigated
by Reyniers (1995) when the target had a
known bounded symmetric distribution
and was hidden on an interval. For cases
when the missing target has uniform,
triangular, or truncated exponential
distributions, Reyniers found a generic
optimality condition and applied it to the
problem. Furthermore, this method was
studied for symmetric continuous
distributing targets on the line by
(Reyniers, 1996). When the target is
continuously and decreasing, Reyniers
provided the necessary and sufficient
conditions for the presence of an optimal
search method.

Teamah et al. (2007) have recently
examined this problem on the line when
the target has an asymmetric distribution,
they have an optimal search method to
locate the targets that are asymmetrically
distributed; based on their findings, they
also show that some of the previous
studies were special cases from their
results. Interesting methods of search
that provide the lowest anticipated value
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of the costs of finding the missing target
have also been studied. Several authors,
Mohamed et al. 2009; Mohamed et al.
2012; El-Hadidy and Abou-Gabal,
2015; El-Hadidy and EIl-Bagoury,
2017; El-Hadidy and Elshenawy,
2023; Alamri and El-Hadidy, 2024
have focused on the problem of a
randomly located target in the plane
where the target has symmetric and
asymmetric  distributions, and the
searchers have less information than they
have available. The authors of these
works aimed to minimize the anticipated
time required to identify the target.

Elbery, 2007 additionally discussed the
problem of coordinated search for a
randomly hiding target on one of two
lines. In the other situation of the
coordinated search  problem, two
searchers search for a missing target on
the line at random locations. At certain
points in the line, they start their search
together. The distribution of the missing
target is symmetric around the point
where the searcher's movement starts,
which is the intersection of two lines.
Four searchers start their coordinated
search for the missing target at the
intersection. For this case, they
developed the search method and
computed the anticipated value of the
searcher-target first meeting time. This
case was discussed by Teamah et al.

(2018).

Teamah et al. (2024)

Another case combines the linear search
problem with the coordinated search
problem. In this case, two searchers are
considered to begin searching for the
target together from the point where the
two lines intersect (a, = b, = 0). By
searching at the areas on the first and
second lines, respectively, each searcher
aims to find the missing target on his
line. This case was discussed by Abou
Gabal, 2018.

In the previous articles mentioned, the
searcher’s path was deterministic, but
Al-freedi and El-Hadidy, (2019)
presented the minimum expected value
of the detecting time for the oil pipeline
hole under sea surface. He uses the
linear coordinated search method with
two searchers starting their search from
the origin. In this paper, we will
generalize the previous search method.
The generalization here means that
searchers start their search at any
arbitrary point. We aim to determine the
optimal search method that reduces the
expected value of the detection time.
Problem Formulation

We describe this problem as follows

A. The Searching Framework

Searching space: The real line L (oil

pipeline or power cable under sea

surface).



The target: The target is randomly

located in the real line L with a known
probability distribution.
The search: The searching process is

done by two searchers, §; and S, who

start their search from any point on L.

The right and left sides of the starting
point on the line will be searched by 8,
and S, respectively.

B. The Searching Plan
The searchers will start the searching
process together at the same moment

from starting point ay, = by, and then

there exist two cases: the first when

a, >0, §; will cover the right side,
while 8; will cover the left side.

Both of them have the ability to
communicate (using modern means of
communication) with a ship located at
the starting point to facilitate the process
of communication. They don’t return to
the starting point as in the previous
works.

The method of searching will be as
follows:

1) 5, starts from the point ag and goes to
the right part of ag as far as
€, = a; — ag Where 0 < ¢; < k¥, then
sends a report to the ship whether the

target is founded or not, he waits for
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the reply from the ship to complete the
searching process or not.

2) If the response was to not complete

the searching, then the target has been

found by the searcher S,. Otherwise,
go to step I1I.

3) In case the target is not found then, S,

continues in the same direction as far
as c; =a, —a,, then §; sends the
report to the ship. These steps are
repeated until the target is found (see
Figs. 1, 2).

4) The searcher 8; will follow the same
search method, but on the left side of
the starting point.

The probability density function

rV) =V -Vlé(V:-V,), —w=V<e, (1)
is the probability density function of the
random velocity of any searcher, where
Vo is the initial velocity, and & is the
Dirac Delta function see Teamah et al.
(2012).
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Fig. (1): The starting point in the right part a; = b, = 0.
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Fig. (2): The starting point in the left part ag = by < 0.

We consider the PDF of the random

distance ci, di is given by:
1

gl(c;J=k%Jc—i—k—_,, 0 <c; <kl
2

And,
g2d)===—% , O0<d;<k?
(3)
Since we will consider that in the

optimal case, the maximum distance

traveled by S, in the right part before the
first contact will be k; (in the left part
will be k;). And the distances traveled

by the searchers are random because the

search process takes place under the sea

surface. And those distances are
0<c<k? in the right part,
¢, =a;—a;_, (and 0 < d; < E? in the

left part where d; = b; — b;_,).
We assume that the position of the target

is represented by the random variable X

which has a certain asymmetric

distribution on the line, leads to the

distances covered by each searcher are
different depending on the possibility of
the target being on the line.

Let the random variable Z >0 has a
distribution with expected value E(Z)

then that
(k; < k)or(k;>k) , then we can

we  can  assume
consider k, = k; + E(Z) .

Therefore, the equation (3) become

@)=
T e+ E@D)NE (o + ED)
0<d; < (k+E@)". (4)

To detect the target, the searcher S;
follows search path ¢ which defined by a
sequence {¢; i = 1}. Also, the searcher
S, follows path d which defined by a
sequence {d;;i = 1}. Then the search
plan be defined by ¢ = (c,d) € ® (the

set of all search plans).
Define
a = inf{x; F(x) > 0},and B = sup{x; F(x) < 1},

()



where F(x) is the distribution function of
the target position, @ and B is the
minimum and maximum value of b; and
c; respectively. Let ¥ be the probability
measure resulting from target position
where ¥(x,¥) = F(¥) — F(x). Also let
the target detecting time be =(¢).

Theorem (1): The expected value of the
time of finding the target is given by the

following equation'

E:(#) =Z\

(ki + E(D)" — 453 (keyy + E(2)) + 38}
6(ki,1 +E@)’

|+1+ 3a]

ﬁ-kﬁ_i [}'(ﬂ: IJ‘l.)]

3

l br(a; £

) i([km+E(za)*—4b§*‘“[h,-+1+£m)+ 35§

(ks + ED)) )[ﬂ% m)]'

i=)
Proof. Since, the searchers §; and S,
shift on the pipe with random distances
(as shown by the two relationships (2)
and (4)) depending on the probability of
the target being on the line. Thus, the
expected value of the distance in the

right and is the left respectively,

(o 35

(ki +E@)’ 2b;" by
_ + p]
6 3(k+ED) 2(k+EQ)

let, the expected value of the velocity of

E (di] =

the searchers is given by E(w)=+1,

based on the above equations, the

Generalized Coordinated Search Problem for a Randomly Located Target 177

expected value of the time of finding the

target in the right part is:

Elc) EF—
Ty = =

4a,=,k +3a§

+1 [

and in the left part is:

xw _ (latBta) #[wm}m% 0<h<b
ol s[hmm) I A

Ba) (ki) -455[&#![!]}:&%

.___1_ s[hi-r':;[z])j ' bjﬂ <0.

If the target lies in ] ag,a,], then

|Gt E(2))" - 46 (ky + E(D)) + |
6(ky+ E@))°

And if the target lies in ] a;_,, a;], then

(ky + E@)" 4&2 Z(ky + E(Z)) + 3B
T
2 6(ky + E@))”

(k, + E(Z]) — 4&2(1:2 + E(Z)) + 3b%
6(k; + f-:(z])

(l: +E(Z))

6 (k + E(z])

.. _ 452 2 (k; + E(2)) + 352

Thus, if the targetllesm] 8544 ], then

(ky +E@)" — 4b= Z(ky + E(Z))+ 352
T
2" 6(k, + E@))"

(k + :-:(z)) _ 4b2 (k +£(z)) +3b2

6 (k + E(z))

) ((kJﬂ + a:(z))'— 453 (ks + E@)) + 3&)]

6 (kpa + a:l[z))z

Similarly, if the target lies in ] b4, b;]
then,

e A e e T s s
oK o o,

and so on.
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And because the target is distributed to finding the target with the following

the line, we get the expected value of steps:

3/z
E(x(@)) = ’(*ﬁ E@)* 6(:; EE:;; E@)+ 3"-’1 [r(@g.as)]
. ’(h1 +E(2))" — 463 (ky + E(@)) + 367
6(ky + E@))

, (o + E@)"— 483, + EC2) + 3"31 br(az.a,)]
6(k, + E))’
’(&1 +E(@))" — 43" (k1+ E(Z)) + 362
6(ky + E2))°

(i:z +E(2)" — 463 (k, + E(2)) + 3B2
6(k; + E2))°
(i: + £[z)) — 45y (k; + EZ))+ 383

6 (k + £[z))

+

\(&1 +E@))" —an" (i:1+ E(@)+ L
6(ky + E(2))°
(k + E{z]) — 453 (k; + E(2)) + 387

6 (i: + ﬂ'x})

6 (ks + E[Z))z

K} — 40"’ ks + 3a]
+ e by (by.bo)]

- ((i:jﬂ + E[z})'— aby? (kjuy + E(2))+ 303

L= 4a;"k, + 3a] e

h" ﬂ'z" by (B2, b,)]+ -~

6k;
— 403"k, +3ﬂ§
+ e
32
R +3u§ B s M 3% br(Bs+2,5;)]

(37 6k7,,

‘ [r(aj-s.a5)]

)‘ [r(aj.a;:4] + -
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_ k40, k + 345

612 By, Bo) + ¥ (B2, by )+ -+ (B, by )4y (Byrab;) + ... ]
& _ g o302
M ‘h;k;z + 30 [¥(Bz,by)+ - +7(bj by ) + - +¥(bja, By) + -]
+ -

kY, —4a) "k, + 32 b (byenb) ] +

6kj1q

_I_

(i:1 +E2)" — 4627 (ky + E(2)) + 32

6(ky + E@))°
+ yla;_y,a7) + yla,a4) + -]

[r(as.as) + ¥(ay,az) + -

(i:z +E(2))" — 463 (ky + E(2)) + 362
6(k; + E@2))°
+r(apauq) + 1+

[¥(ay.a;) + —+ y(a;,.a;)

(i: + 1-:[1)) — 453" (k; + E(2)) + 387

br(aj-v.a;) + ]
6(k; + E[Z))
_ ((k“'“Hl +E@)" 48} (ks b E@)+ sb:)h{ﬂf-ﬂ;ﬂ)
6(ky1s + E(2))
4] —
K} —4a3"k, + 33 K} —4ay"k; + 3}

61 (e, be)] + 612 br(e, by )]+

'E_;!+:I. — hzﬂijﬂ"' 3ay
o S )] -
(i:i +E(2))" — a3 (i:1+ E(Z))+3b2
6(ky + E@))"

_I_

b (ay. 8]

(i.z +E2))" — 463 (k, + E(Z)) + 362
6(k, + E@))°
6(kjs + E(2))

br(a,.B)] + -




=Zlk*“ h"ﬂz:’ujr % ly(a,b;)]
i=0
1 _ 4 PPET ]
"Z (iys + E(2)) — 45 (s :E(z)]ﬂbgl e ]
0 ﬁ(hi-l-l +E(Z ]']
| (i + E@)* - 4b3 iy + E@) + 3D
;,( 6(kips + E@)’ el

(6)

Since, 0 < a; — a;_, < kZ, then if there exist £ = Owe get k¥ = (a; —a;_, +=)>.

Hence, (6) take the form:

[ (@iyy — 0+ )4~ 402" (agyy — 0; 4 £) + 302
E(:(.p)]:; TR— br(a, b))
:il(nm—ui +e+E(E)) 45 0z -+ £+ E(2)) + 382 s

=] 6(0c3y -0 +2+E(2))’ '
(a0 -+ £+ ED)' - 483 agy - +6-+ ED) 43
2| 6(ai,1- 0 +£+EC2))

©)
Also, if there exist §=0 we get kZ=(b;—b;,+5? .Compensate for
k;=k,—E(Z)=b;,— b,_; +5— E(Z) in (6) we get:

o 4 3;2
(Biyy—b; +E+E(Z)) —4a; " (byyy—b; +&— E(Z)) + 3a2
E@)=) [2— o D% fr(a )
= 6(b;4y— b; +§—E(2))
C [Bers —be + O — 453 (bess — b, + ) + 307
+Z — 3 br(a.. )]
£ 6(b;yq — b; +3)
o [(Bess — B: + 82— 4837 (Byyq — b; + &) + 353
F
(8)
Existence of optimal search plan distribution, we don’t need to find these
depends on finding the necessary and conditions. Directly, we can find the
sufficient conditions. But because the optimal values for the points ai and bi

target has bounded a symmetric
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that give us the optimal path to find the
target by using the equations (7) and (8).

Optimal Search Path for Bounded
Asymmetric Target Distribution

Our aim in this section is to minimize
E(x(g))- This will happen by finding
the optimal path values of {¢;, i = 1} and
{d;,i = 1} that will give us the optimal

path for the given target distribution

function from class @. If this path is

found, this will be the optimal search
path.
We conclude that, if ¢* and d* are

optimal values of ¢ and d, respectively,
and if @° is a subclass of @, then the
optimal search path will be in @°. It

clear that the search path depends on the
distribution of the target F(x) and the
values of ¢ and d, and they are unknown
factors. And because the values of ¢ and
d depend on the values of {a;, i = 0}
and {b;,i = 0}, so we want to find the
optimal values {ai,i=0} and
{b?,i = 0},

We assume that the target distribution
F(x) is known and regular (i.e., F(x) is
continuous with positive f(x) and
E(x) < ©0).

To get the optimal values, {a;,i = 0},

you must solve this non-linear
programming problem (NLP(2)):

NLP(1) :

minl("i‘"f—lﬂ)* (4 “n+=°- +3“=‘[r ab )
" 6o~ +2) '

(05~ 2)' 43" (g4~ ﬂ,+£ Hﬂs‘[r
6(apu-a+e)
s
(u,-—u,—-,+s+£(z]) ‘11!“ (u, g4 +etE )+3af}
l.‘v(u,——u,;,+.t=+£(::])z

Ila-15)]

MG TE (Z)* 1 £
_(.e:rF g+stE ) 4«,, (.e:rF —g;++Ez )+3a§ ")
ﬁ(uﬁl—uj+s+E(z])

subject to:
a"—_u"_lﬂ}l, a"—ﬂ_n"ﬂ}l, a; — a4 >0,
G =G4 GG

+£+E(z]
Gia—a;>0, a’;b

a,.1—0;+&+E(z)

1, b-b,4>0,
bj+1_bj (|

bj‘ﬂ - b’ :? ul

£=0, z=0.

Definition (1): (Optimal Solution) If
there exist a € R such that
fla*)< f(a) for all a € R, then
a* € R be the optimal solution of the
NLP (1).
NLP (1) take the form:
NLP(2) :

I (P A U “11+5+3ﬂ|1}‘[r
| 6(g-ar+2) ot}

@ -a+ ) 40" (a - o te Hﬂ[r(
I 6(aa—a;+2)
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(aj—a,-_i+e+ E(z))‘-ﬁn(aj-a,-_ﬁﬁ E(z))+ 34][1(«,.4,5)] + E(ai*l —ajte +E(z))z ‘g“:ﬂ (a,'+1 —a;+e+ l':'(z))_1
; :
6(g-0:4+2+£G)) +%a§ (a1 —a;+e+ E(z))_zl #(a)]

m((-,-—;)’ H’((ﬂf:-ﬂf))ﬂ’((br_:'ﬂ))ﬂ'((bml- ,—))

(-1 +(D) =0,

. (nfﬂ—n,-+s+5(z))‘—4ﬂ:ﬂ [n,-ﬂ—n,-+s+£(z))+3u§
ﬁ[njﬂ—nj-+s+5(z))z

fr(a: )]

subject to:

(9)
—a;_ gt e — @ +E o aats)
1_%11“' 1_%£“' ui(l e ) 10
41-a;<0, @—a,,<0, .3(1_% =0, (11)
1—*":;’;:“”@. ua[ _nrq-_l_-l-rl-lﬁ])_n
| G—atetE@) i ' o
bpa—b; “[1_%):& (13)
bj4 —b; <0, b;—bj4 <0, us(a;4— ;) =0, (14)
-£<0, -z<0 ug(a;— aj.4) = 0. (15)
By using Kuhn-Tucker condition, we Many cases of solving equations (9) -
find (15) have been found. We found that the
F(ﬂj_ﬂj—i'l'ﬂ)'l';':ﬂ(“j_'j—i'l'ﬂ)_z e )] case: uy =u, = =1ug =0 is the only
_ﬂg(ﬂj_% 1) U case that gives optimal values for

{a,;7 = 0}. And therefore, the optimal
+[_?1(njﬂ—nj+z)—§u:”(njﬂ—aj+s)_z value of a;, is given by solving this
+di(ay,—a; + l-:)_:l] [y(aB;)] equation,

1 2 - E
+ E(a,——aﬂ +s+E(z)) ’5(’7- ni'i+s)+§':ﬂ('i- 'Hﬂ) - ’é(ﬁf '7"1“) 3 Ha’bﬂ)]
2 3p -2

+§a‘ (a,-—a,-_1+s+f(z)) —a%(aj—q-_iﬂ %) ) . )

+£6) e8] NN S (W R (W )
- [[-?1 (“jn -8tk (Z)) - ;a;ﬂ (aj,,,— g+et I:‘(z))—2 +E[u,—— n,-_1+s+E[z))

_ 2,
td (uj+1 -g;+et E(z)) ’] [y(aj,p)] +§“"ﬂ ("1'_"1“1" £

+ E(z))_z — [n,— —gpytet E(Z))_i] fr{a;o8)]
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-E(%-ljﬂﬂ:‘(z))
-gc'( ¢,+s+E(z)) +¢§( -g+e
+46)] o)

+E(a,.ﬂ-a,-+s+£(z])1
_géﬂ{%u-.ﬁﬁ!&))ﬂ%d(%—t,-+s+£[z))-ll[(u,-)
=0

And by the same manner, the optimal

values of b;, , is getting after solving

NLP(3).

NLP(3) :

| ) L Ez))+3b§b( .
[ 6(h-bya0-E6)

(b,-,,l—bjﬂ—E(z))‘-l:bm( -b+z£ +3b§|
+
6(b,-+,—b,-+§—5(z)) ]

b8 - 45 - "1—1+f) +35]
o i+§) . [reaf)
[+ - (1) + 3]
RV L

subject to:

b;—b;,

b;—b; 4+
1_-"—-"—1{4:_:“.

b; s —b; <0, b;—b;,<0, —I=<0,

The optimal values of b, ; are given

after solving this equation,
1
’E[bj—bﬁﬂ—ﬁ(z))
2 3ﬂ
28, (- ba 4t

-E (Z))_z b [bj “bpy4§-E (Z))_il br(e.;-)]

+[_?1 [bm—bj+;—£(z))—;b:” (bm—bj+f—5(z))_z

4+ (b by +§- E[z))_’] [(ab,)]

+E[bﬁd—bj+{—£[z))z—;b:ﬂ (bpaby+-EQ)

+;b§[bm—bj+f—ﬁ[z))_z 1(b,)

1 2
(i) )R o)

of

N Wt WAty
Conclusion

A coordinated search method to find a
target on the line that has been randomly
placed and whose initial position has a
known probability distribution has been
described. The searchers move down the

line at random speeds throughout time.

We presented the expected value of the
target’s detection time. We also provide

the optimal search strategy for
minimizing this expected value. In the
future, by taking into account the
collection of lines, it appears that the
proposed model will be adaptable to the
case of multiple searchers to detect a lost

target.
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