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Target, This paper considers the coordinated search problem in which the
Coordinated searcher moves randomly, our goal is to detect a randomly situated
search, Optimal hole on one of the two intersected lines such as oil pipeline or a cut in
search plan. one of the two power cable lines beneath the surface of the ocean. The

four searchers start together looking for the target from the intersection
point. The intersected point is a starting point of the motion of the
searchers (the origin point), also the searchers search the target with
random distances and velocities across time, there is a known
probability distribution for the target's position. The target located on
one of the two intersected real lines according to a known un-
symmetric distribution except the origin which the point of intersected
lines. Where four searchers aim to detect the lost target. The final
results determined the expected value of the detection time, also
deduced the conditions that can minimize this expected value.
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Introduction

In many real-world applications
such as looking for bombs in a
metropolis or a runaway criminal the
study of search issues for any missing
target, whether this target is stationary or
moving, is deemed essential. The main
aim is to locate the missing target at the
least possible cost. The so-called linear
search problem arises when the lost
target is on a line (Stone, 1989; Beck
and Warren, 1973; Beck and Warren,
1973; Balkhi, 1989; Teamah et al.,
2011; Teamah et al., 2000; El-Rayes et
al., 2003; Reyniers, 1995). One of a
number of techniques that have been
researched on the line is the coordinated
search technique, and it was investigated
on straight line (Reyniers, 1996;
Teamah, 2019).

The problem of four searchers searching
for a target located on two intersecting
lines was investigated (Teamah et al.,
2013; Abou-Gabal, 2018), and the
problem of finding a target located on
one of n-disjoint lines was described by
the quasi-coordinated search problem, in
which the motion of every two searchers
are independent of the motion of other
searchers while the case of moving
target was discussed (Teamah, 2019),
also a quasi-coordinated search method
of a lost target was studied (Teamah,

2019), in this case the target is randomly

moving on one of the two intersection
lines in accordance with a random walk
motion and there are two searchers on
each line, moving from the origin at a
constant speed, the authors also studied
the problem of finding a lost target is
random walker on one of two
intersection lines, the four searchers start
from the origin (Teamah, 2019). In the
above discussed literature, the path of
the searcher is deterministic, but the case
where two searchers looking for a target
located on an under-water oil tube with
their speed represented by a random
variable with a certain probability
function was studied (Teamah et al
2009). In the present paper we will
assume that there is only one target
present on one of the two lines (each line
represents an oil pipeline or a power
cable) under the surface of the water, but
these two lines are disjoint and the speed
of searchers represented by a random
variable with a certain probability
function The present paper is organized
as follows. In section 2, we define search
plan and calculate the expected value of
the time to find the lost target. In section
3, we derive the conditions under which
can minimize the expected value. In
section 4, we finally provide a summary

of our findings.
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Search Plan

Let X be a random variable
which represented the position of the
target which follow a distribution
function, the lines are divided into stop
points wy;, rywhere i = 1,2 for first and
second lines respectively, each line
divided into two parts, right par w;, i =
1,2,j=0,12, and left partry, i = 1,2 ,
j =0,1,2,-. We have four searchers S,
S., S;and S, The four searchers §,, 5,
S; and S, start together looking for the
target from the intersection point (the
origin point be
(Wi =T =Wy =15 =0)) of the
two lines L, and L., the target located
on one of the two intersected real lines
according to a known unsymmetric
distribution except the origin which the
point of intersected lines. Searcher S,
search in the right part of L, and
searcher §; search in the right part of L.,
while S, search in the left part of L, and
searcher 5, search in the right part of L, ,
with random velocity v, k = 1,2,34
two searchers in each line will connect
with one another using today's methods
of communication rather than going back
to where you started, Consequently,
there is no return time or standby.
All the searchers start at the same

moment following the search plan
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denoted by @ : R — R™  which

completely defined by sequences

a={a;, 1=12;j=12--}and b =
{by;i=12;]=12,}.

Let the search plan be defined by @ = (a,
b) € & where & is the set of all search

plans. Let
p; =inf {x; F(x) > 0} )
g=sup{x; F(x)<1},i=1,2

where p; represents the minimum value
of by and o; represents the maximum

value of a;, and The target's position

ij »
distribution function is denoted by F(x).
The searchers S, and 5, search on the
first line L, , S; and S, search on the
second line L, , the searchers S;and §;
search in the right part of the two lines
while S, and 5. search the other parts.

S, will search in the right part of the
first line as following:

I- Starts from the origin and goes to the

positive part of L, with distance a;; =

wy, — wyp SUch that 0 < ay, < H”,;and
sends a report to the ship (located at the
starting point and receives
communications from searchers which
use under water audio signals instead of
electromagnetic waves) whether the
target is found or not.

I1- He decides whether or not to finish
the search operation after waiting for the

ship's response. The searcher S, has
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found the target if the response indicates
that the search is not yet complete.

I1l- Otherwise, 5, goes to the positive
part of L, with distance a,, = wy, —wyy,
then reports back to the ship, and so
forth, until the target gets identified. The
identical method will be used by
searcher S, to look in the left portion,

bUt Wlth dIStanCE bll =TFry1 —Typ SUCh
that O<bll<ﬁ_ll’blf =Fy2 T4 SUCh

that 0 < by, < -1:1213; by = ryz —

riosuch that 0 < by; < 1:1213 :

IV- The searchers S; and S, also carry
out the same action.
We consider any searcher has a random
velocity with  probability  density
function

P(vV) = [v = vg [3(v? = vg), o0 <v < oo,

(2)

Where 3 is dirac delta function and v, is
the initial velocity.
We take into account how far the

greatest distance was traveled by S, and
S, before the i connection in the right
part be H,;and H,; respectively, (in the
left part be H,; and H,; for the
searchers S, and S, respectively), the

distance which passed the searchers by
S, and S; are random and given by

0<a;<H?,i=12;j=123,,n

ij

in the right part where a;; = w; - w;;;_4,
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(0 < b;; <H?; in the left part where b,

=T Tigi—1) ) we consider the p. d. f. of

the random distance see (Teamah and
Elbery, 2019; Teamah et al., 2011) is
given by:

_ 1 1
fi(ay) = Hij \[aij H ;'
0 < Hi'_;l' SH:E_;I' 1 i = 1a2;j = 1’2a3$“' an (3)

1 1

fa (By) = iy oy P
ij

ij

0<b;<H?;,i=12;j=123-~.,n (4

ij
The searchers desire to minimize the
expected time to detect the target. Let X
be a random variable that shows the
location of the target. Searchers are
moving on the line at varying distances
based on the probability that the target is
on the line because they are moving at a
random velocity.

So, if their exist I, > 0, i = 1,2 is a

random variable has a known
distribution with expected value E(T;)

then we can consider H;; = H,; + E(T}).
So, (4) become

1
(Hj; + E(T3)) by (E+E@m)?

®)
Where 0 < b;; < (H;; + E([}))*. Let y

ij —

fz (E’ij) =

be a measure of probability caused by
the target position and

Y(x, y) = F(y) — F(x). Also, let Q(@) be
the detection time by one of the

searchers.
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Fig. (1): Coordinated search technique for finding a target

Theorem (1): The expected value of
detection time is given by

E[Q(9)] =

I [Hzmn)l'(ﬂl- ;) — (Ha(.m) +
E(1)) ¥ (wyyeo0)| +

[ 07 2 — (B +

E(rz))z Y(wy 05 )] -

(6)
Proof. Since, the searchers s, and
S, each one, moves the first line with

different and random distance (have pdfs
(3) and (5) in the two parts of first line)
based on the target's probability of
existing, as shown by the target's
probability on the first line. Thus, the
distance on the right should have the
following predicted

E (‘11j) =
1

Wy o1 _ Hyj
A ﬂ”[Hu'JﬂTj By Yo =

, and in the left part is

J‘mu +Eﬂ'1]]= b 1
yil——
0 ! [Hlj+E(r1]]Jb_1j

———— )db,; = (H1j+: )
E(by;) = (1, +50r)

Also, we assume that the expected value
of the velocity is E(v) = %1, then the

expected value of detection time in the

: : E(a,
right part is 1, = [—::-’l = H:_u_ :

in the left part is

Q.. — HPy) . (,; +EELD?
12 -1 & '

If the target lies in ] wy,, wy, ], then

_ (Hy, +E(r,))*

0 =
1z &
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If the

target lies in ] wy,, wy,], then

Q0

_ [t:Hn + E(r,))* +H(H,,; +E(T,))*
12 6

If the target lies in ] w,,, wy5], then

0,, = _[{Hn + E'[P1})z + (le +
E(ry)” + (Hy + E(T))?1/6

If the target lies in ] w4y, wyg], then

0y, = _[(Hn + E{Fl}]z + (le +
E(ry))” + (Hy + E(@C)) + -+
(Hy + E(T))1/6

Similarly, if the target lies in
[Fier Tage—1y[ » then

0. —— [H“u +H® o +--+H" lt]
11 5 ,

and so on.

E[Q,(®)] =

[t B w01 -

[(Hu + E(ry)) +(H,, + B(ry)) ] [¥(wyy, wyp)]-

[[(Hn + E{rﬂ)z'l' (le + E(r1})z+
{le + E'[Fl})z +--+ {Hlk +

E(rl}) z]; 6] [T'(W1[k—1]1'w1k)] -

+

T [y ()] +

F a2 [y (e raa)] +

. [B’u+n’,,+--+1fﬂ

p ] [Y(ru- Ti(k—1) )]

Teamah and Gabr, (2024)

H=11
6 [T(rll’rlﬂ} +y(rz.m) + -+

T(rlk’rlik—ﬂ)] + HE,J [T(""lz:’”n} +

=+ T(’"u-: 7"1[1:—1]]]
+...+

Lk [y (ro e )] + - —
(s B [ ) +
Y (Wyg, wip) + -+ ¥ (Wi Wi )] —
(s B [ oy i) +

]"(W:Lz: W13} + -+ ]"'(wlik—l]’ wlk)] -

(r,))*
T w [y (Wage—-wae)] =

L2 oy 1101+ 2 [y )] +

6

S HTL'r [r(prr1e-0)] 4 —
11 [:I-l] *
B * B0 1y 0,)]

(e +50)) by (owg, 0)]

B PEOD) 1y (1, 0)] - —

w [r(wie—.02)] —

o=

=0 [[H21|::j+1]r{p11'rlj} 1-

2

[(H1L’j+1] + E{Fi}) T(Wij:‘-’fi}]]-
Now we will search on the second line
according to the probability of existence
of the target on the second line, then the
expected value of the distance in the
right is:

E(ﬂzj) =

H;; 1 1

s — da,. =

Iﬂ E‘T{szqlfﬂ?j H‘Bﬂj } 2j &
, and in the left part is
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E(by;) =
':Hz' +E':rz]]= 1
j‘ﬂ j sz —
cH:' -I-EI[I'.;]] b
1 _ }dEJ [H=J +E(T. ]J
(15 + B(r,)) ;

Also we assume that the expected value
of the velocity is E(v) = %I, then the

expected value of detection time in the

ﬂ .
right partis Q,, = (—::-'—] —:i

in the left part is

E(by) __ (Hyj +E(ry))°

0 =
2z -1 6

If the target lies in] wy,,, wy, ], then

(H,, +E(I;))°

Q,, =—
22 .

If the target lies in ] w,, w,,], then

0, = [E= + E()) (B, +E(y)*
2z & :

If the target lies in ] w,,_4y, Wy ], then

0y, = _[(Hn + E(rz})z + (sz +
E(,))" + (Hy + E(0)) + -+
(Hy + E(T,))°1/6

Similarly, if the target lies

iN [ro, 70—y [ then
0. —— H®,,+H® +-+H
21 5 1

and so on.
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[0, (0)] =
[t BT g, w01 -

20

[[(Hn + E(Fz})z‘l'(ﬂzz + E(I‘z})z‘l'
{sz + E{rz})z +-+ {sz +
E(I‘z})z]f 6] [T(Wz(r;—n:wzk)] -

+

1'"znl]'] +
w[}.(ﬁz,ﬁ}] R

3 2 +-+H?
[H oz HH ,_,:+ +H :k] []f'(r?.k" Tz[;:_l])]

Hz':l
6 [T{rzi’rzﬂ} + '-"'(T'zz:""zi} + -+

{T'Zk:fz(k 1])] + [’l"{fzz:rm} +

S T{T'zk:""z[k—ﬂ )]
+

HTﬂ [y (rase 2]+ —

, +E(ry)*
M []"(Wzn: W21} +

¥(Way, Wy )+ + ¥ (Wage—), Wi )] —
+ B(ry))*
M []"{WZP wpy) +

¥(Wap,wpg ) + -+ ]"(Wztlk ﬂ*ka)]

M [T' (Wz[k 1) WZI:)]

H:Im [¥(p2.10)] + Hﬂf [¥ (P2 12101+
4 2 [y g o)) + -

G 50y (g, )] —

(e +50D) y (owy, 0)] -

B P50 1y (w5, 0)] -

M [r(Wae—n.02)] —
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1

=0 [[szﬁ+ﬂ]’{p2’ T3;) 1—

[(Hz(ﬁﬂ + E(I‘z})z]"(wzj:gz}]]

= E[2(0)] = E[, (®)] + E[,(8)]

Since 0 <a,; <H?, then if there exist

g; > 0, one can get

iy

H?; = (a; + &) % . Hence we can put
equation (6) in this form to find the
optimal search path

E[Q(0)] =+

6
o aygen + El)z{T(Pil i)} —
(ﬂ1(j+1:l t&+E (Fl})z {T(le' 51)}]
(g +8&) (rlenm)} -

(“z(i+ﬂ tet E(I'z))z {r(wz; )]

(7)

Also, if their exist & > 0 one can get
H; = (b; + &) 2

Compensate for H;;=H,; — E(I}), H,; =
b;;— & — E(T})in (6) we get:

E[Q(0)] = =
Effn:ﬂ [{blfj+1] - & -
E(rl}} Z{T{Pi:rij)} - (bil:j+1] +
&) Z{T(Wijlgl)}] + [(E'E(j+1] — & —
E(T)) Z{T(Pz: rzj)} - [(bz(ﬁﬂ +
§2) Z{T(sz: ‘Tz}}]]
: (8)

In this work, we don’t need to find the
necessary and sufficient conditions that
explain the existence of optimal search
plan because the target has bounded
asymmetric distribution, we will get the

optimal values of the point w;; and r;;

Teamah and Gabr, (2024)

which afford the optimal path to get the
target by using (7) and (8).

Optimal search path for bounded
asymmetric target distribution.

In this section, our primary goal is to
minimize E(Q(®)), this occurs when we
i=1.2

determine the ideal values of {a;;

,j= 1} and { b;i =12 ,j=> 1} that
provide an optimal search path from
class Z for the target's location

distribution .If Z is a subclass of Z for
which only one element and if a* and b

are optimal values of a and b;
respectively, then the optimal search

path will be in Z . It is observed that the

target distribution F(x) determines the
search path, They are two unknown
factors, as well as the values of a and b
that the searchers utilized, and because
the value of a depend on the value of
{w;i=12 ,j>0}and {r;;;i=12 ,]

>0}, we will find the optimal values

{w* ;i=12,j>0} and

ij?

. i=12,i>0).

ij’

From now the target distribution F(x) is
assumed to be known and regular (l.e.,
F(x) is absolutely continuous with
positive density f(x)) and E(X) < co. In

order to obtain the optimal values

{w*;;;1 =123, -, j >0} we must solve

this non-linear program problem (NLP):
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NLP(1)
minw:_j {ﬂn +£;) 2{'.""::.Ifi':u 7"1[;—1])} -

a; +& + E{rl})z{]"{wlﬁ—l]‘gl)}

+{‘11[_f+1] +¢) E{T(Pl: 7"1;)} -
(‘11[;+1] +& + E(rl}) {T(le’glj}

sub. to:

a,; +z > 1 @y(j+1) +s >1

Ly ; 2 (j4+1)

a,; =0, y(+1) =0 ,

a,;; +£ + E{I‘l}} 1
.E;ulJf -

2y( j+1) +& + E'[Fl} -1
IEJI1t;f+1:| B

r

blj =0, b'l':j"l‘l,] =0,

g >0, I, = 0.
Definition (1): (Optimal solution). For
the previous NLP w* € R are said to be
optimal, if found we R such that g(w* )
< g(w), Vw € R. Then the previous NLP
(1) take the form (on the first line):

NLP (2)

minw:_j {ﬂn +£;) Z{T(Pl: 7"1[;—1])} -

2
a; +& + EUH}) {T{Wiﬁ—ﬂl‘ﬁ)}
+

{ﬂlr;ﬂﬂ + 51) Z{T{Pr ?"1})} -
(ﬂir;jﬂ] +e& + E{Fl}) {T' {lel ‘71)}

sub. to:

1_ ay; +5y :_: 0 ) 1— GIEH]_]‘l'-El ‘=_: ﬂ,
Byj By j+ad

_‘11j":u ' —ﬂl,:j_'_ﬂ'::ﬂ,
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1_“1; +& + E(Fl}i:(]’
b, ;

Ly + £ + E(L
1— 1(j+1) 1 ( 1} <0
bl{j+l]

r

—by; <0 , — by ey <0,

From the Kuhn-Tucker conditions, we
get

2(“’1_;!' + El)

lonrG-n)}—2(ay +& +
E(Fl}}{?(wlcj—ﬂJ"'l)} —2(ay;en +
e){r(pn )} 2(aygeny +51 +
E(I‘l}}{y(ch—, al)} + (‘11{j+1:l +£ +
E(rl})zf(wlj) +u, (0— [2(ay; +

& )(ay; ) —(ay; + )1/

(ay; )N +uz(0 — [2(aygn +

el ayn ) — (e +&1)1/
((aago YD +us(0-2) +

g (0 52 b ug (D) +uy(1) =

By i+

0, ©)
(my; +55 _

uy (1— ——)=0 (10)

By j
_ [“1Ej+ﬂ +5,) -

v (1~ e )70 (11)
a,it+s, +E(r,)

uz (1— -4+——)=0, (12)

ij

&y (jy 1yt + E(T)

u, (1— - ) =0, (13)
1(j+1)

ug(—as; ) = 0 14

uﬁ(_al[j+1] ) =0, (15)

To solve the equations (9)-(15)there are
many cases, but he case which gives the

optimal value of {w,; ; j > 0} is the
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case: u; = u, = - = u, = 0.
Consequently, the optimal value of
wy+1y 1S provided following the

equation's solution,

W21[_f+1]f {Wu) -

Wil [ET(Pllrlj) - 2]"(‘71;:‘71) +

2f(wy;) (wlj- +& + E(I‘l})] =4,
(16)

Where

9 = _z{alj +& )[T{plirlﬂj—ﬂ)] +

2(ay; t& + E(T3))

[ T{W1[_f—1]:9'1)]+2(_w1j +£ )

Teamah and Gabr, (2024)

~by; <0 = by <0,

—§,<0 —I< 0.

Applying Kuhn-Tucker conditions, and
by soling the following equations, we get

the optimal values of d ;. ,

2140 Fr;) + Tagan

~2y(pum;) — 2r(wyj01) ()
-2 (le +4& + E(rﬂ) &
= ﬁl
where

Ay = —2(ry =Ty +& —ET))

[¥(py,ry;) —2 (—wlj +& + E{I‘l}) [¥(wy; L{Sj’l*’"lﬁ—ﬂ)]

— (wyy +& + E@D) Flws)

Also, by solving the NLP(3)
we get the optimal values of ry;
NLP(3)

1|".l'|.i1|'11,_:_Ji (by; +& —
E(rl}} z{?{pldlrl[j—l])} - (blf +
& )Z{T {wl[j—ljllgl)}

+
(bllfj+1:l +& — E'[F1}} Z{T{P:L: 7"1;)} -
(E’ll:.fﬂ] +4, )2{1’(""1;: o)}

Sub. to:

1— Byj +#, —E(r,) <0
Blj -

1— 1’1[}+1] +{1_E{r1]
I"1[,|'I+1]

=0

1_1’_1£ <0,
.ﬁu'

1— I’l[& 1} + <0,
I“‘1[,|i+1:|

_ﬂ’lj::u ,—alﬁ+1]{ﬂ,

+2(ry; —ry-n &I T(wl[j—ljlal)]
+2(_7"1; +& — E(rl}}[T(P1J 7"1;)

—2(—ry; + &) [r(wy;.0)]

—(ry &+ E@) flry) D)

by solving the equations (16) and (17)
we can get the optimal search path on
the first line by the same way in order to
obtain the optimal values {w*,; , j > 0}
and {r*,; , j = 0} we must solve the

NLP(4) and NLP(5)
NLP(4)
minwzj {sz + EZ} Z{T(pz" Ta(j-1) )} -

2
ay; +& + E'[rz}) {T{Wzﬁ—i_‘ugz)}
+

{ﬂzﬂjﬂl + EZ)Z{T{pE!ij)} -

2
(ﬂzr;jﬂ] +& + E'[rz}) {T{sz:az)}
sub. to:
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1— agj ¥55 <0,
Saj

o + &
1— 2(j+1) 220
2a(i+1)

r

1_‘125 +£§,+ E{I‘z}iu

r

2j

o +& + E(L
1— 2(j+1) 2 (z}ﬂ_iﬂ

by (j+)
—b,; <0, — by <0,
—&; <0, —I;<0.
NLP(5)

min,_(by +& — E(T)’

{T{Pz:""z(j—ﬂ)} - {E’zf +
&2 )Z{T(Wzﬁ—l_‘u‘fz)}

+(E;l2 (j+1) + fz — E{rz})z {]"(Pz; 7"2;‘)}

_{E‘z{i &2 )2{1’{“’211 ‘Tz)}

Sub. to:
1 Pa ¥ EE)
.ﬁ.:j - !
1— Baljsa) +&; —E(ry) <0
By(jsa) -
1— by +i; <0
By
1’2[}4—1] _ ’
_ﬂ.zj‘::ﬂ ,—czﬁ_'_l]{ﬂ,
~by; <0 = byyqy <O,
~§<0 —~T,< 0.

Since, we have two lines that do

intersect, then
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min (02 (@) =

min (€, (@))+ min (,(@)) .
Conclusion and future work

The Coordinated search technique is
analyzed in order to locate a target at
random on one of two intersection lines.
The searchers search the target with
random distances and velocities across
time, there is a known probability
distribution for the target's position. We
obtain the expected value of the
detection time for finding the target.
Moreover, we present the optimal search
path that minimizes this expected value.
In the future work, this technique will be
extended on the plane when the target’s
distribution is bounded in each searching

step.
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