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The behavior of some peristaltic flow for some liquids in a 

vertical and horizontal cylindrical tube is studied before in non-closed 

form. In this paper, the Al2O3/ water nanofluid flow is discussed in a 

peristaltic vertical cylindrical tube under the effect of gravity and the 

constant heat addition/absorption. The mass, Navier-Stokes, heat and 

volume flow rate equations represent the mathematical model for long 

wavelengths. The system of equations represents a closed form for the 

dependent parameters. The model is solved analytically in terms of 

nano temperature, velocity and pressure gradient distributions with 

existence of nanoparticles   suspended in water. The stream function is 

obtained in the plane of fluid with nanoparticles. The nano temperature 

distribution in a peristaltic tube is affected by different values of 

amplitude ratio and heating source parameter. The nano fluid velocity 

is increasing with the change of Grashof number values, rate of 

volume flow, heating source parameter and decreasing with void 

fraction of nano particles. The obtained results are in a closed form 

and prove the validity of the current model. 
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Introduction 

Many scientists and researchers 

studied the transport of peristaltic flow 

through tubes, channels due to their 

important applications in engineering 

and medical sciences such as physiology, 

and finger pumps and roller, sanitary 

fluid transport, transport of corrosive 

fluids. Many researchers using the basic 

concepts and theories of fluid mechanics 

(Landau and Lifshitz, 1987). Moreover, 

the description of physical problems 

needs to suitable mathematical models. 

The fluid mechanics and heat mass 

exchange in two-phase flow is very 

important topic in industry and physical 

problems (Bilicki et al., 1996). The two-

phase flow can be studied for one and 

two components for superheated liquids 

and mixture of gas and liquid 

respectively. Moreover, the  heat and 

mass exchange in the liquid-vapor 

represents the no equilibrium between 

two-phase-flow.  The physiologists 

defined Peristalsis as a one of the major 

mechanisms for fluid transfer in many 

biological systems. The peristaltic 

motion in two-phase density flow and 

heat transfer affected the behavior of 

vapour bubbles inside a vertical 

cylindrical Tube (Mohammadein et al., 

2017).  

Peristaltic flow of a Newtonian fluid in a 

porous medium surrounded vapor bubble 

in a curved channel l (Mohammadein et 

al., 2019). Recently, in biophysics, the 

peristaltic flow for a mixture of blood 

and gas bubbles in the vertical inferior 

mesenteric vein is studied in human 

colon (Elbendary and Mohammadein, 

2022).This study called two-phase and 

two components. The effect of peristaltic 

motion on (CuO/Water) nanofluid inside 

a vertical cylindrical Tube 

(Mohammadein et al., 2023).  

In nanotechnology, a particle is defined 

as a small object that behaves as a whole 

unit with respect to its transport and 

properties. These particles are classified 

according to diameter. Nanoparticles 

used in nanofluid preparation usually 

have diameters below 100 nm. Moreover, 

the particles as small as 10 nm have been 

used in nanofluid research. When 

particles are not spherical but rod or 

tube-shaped, the diameter is still below 

100 nm, but the length of the particles 

may be on the order of micrometers. It 

should also be noted that due to the 

clustering phenomenon, particles may 

form clusters with sizes on the order of 

micrometers. There are many 

nanoparticles used in industry like Al2O3, 

Cu, CuO, and Ag with different 

properties. The collations of one and two 

nanoparticles for a viscosity of 

concentrated suspensions and solutions 
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https://www.sciencedirect.com/science/article/pii/0017931095001697
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are extended by (Brinkman, 1952). New 

treatment of fluid mechanics with heat 

and mass transfer: The nonlinear Burger 

and Navier-Stokes are converted to a 

linear equations (Mohammadein, 

2020).The simplest analytical solution of 

linear Navier-Stokes equations is 

introduced in two dimensions 

(Mohammadein et al., 2021). The 

analytical and simplest resolution of 

linear Navier-Stokes equations in two 

dimensions (Mohammadein et al., 

2022). 

Moreover,the obtained solution satisfied 

the original linear and nonlinear Navier-

stokes equations. 

The density and specific heat of 

nanofluid can be calculated by the 

following relations:      

    (1)                                                                                   

      (2) 

On contrary the viscosity of particle 

suspensions was extended by 

(Brinkman, 1952) 

                     (3)                                                                                

Moreover, the effective thermal 

conductivity is given by 

       (4)                                                                   

 In this paper, the flow of 

incompressible Newtonian Al2o3/ water 

nanofluid in a peristaltic vertical 

cylindrical tube is studied. The present 

model is represented by mass, Navier-

Stokes, heat and volume flow rate 

equations for long wavelengths. The 

nano temperature, velocity and pressure 

gradient are obtained analytically and 

described by graphs with the effect of 

some dominant variables.  

Analysis 

A current problem introduces the 

motion of an incompressible viscous 

Newtonian Al2o3/ water nanofluid in a 

peristaltic vertical cylindrical tube. The 

flow represents a sinusoidal wave train 

propagating with constant speed along 

the boundaries of the outer tube. 

 

Fig. (1): Sketch of model 

 The axisymmetric cylindrical 

polar coordinate system is chosen such 

that the coordinate is along the center 

line of the tube in z-direction and 

coordinate along the radial coordinate in 

r-direction. The boundary of the tube is 

adjusted at a finite temperature and at the 

center we have used axisymmetric 

condition on temperature as proposed in 

the current problem. The physical model 

of the present problem is shown in Fig. 1, 
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where "a" is the radius of the tube, "b" is 

the amplitude of the wave, λ is the 

wavelength and t is the time. The fluid 

flow is unsteady in the fixed frame 

 (r
‾
,  z

‾
). 

 However, in a coordinate system 

moving with the propagation velocity c. 

                         (5) 

The differential equations of mass, 

Navier-Stokes, and heat transfer 
represent the mathematical model of the 

current problem under the effect of 

constant heat addition/absorption in 

frame ( ) as follows:     

Mass Equation:                

                     (6) 

Navier- Stokes Equations in directions r and 

z respectively in the form: 

 

 

Heat Equation: 

Where”  is the pressure of 

fluid,  is the fluid temperature,  is 

the constant heat absorption/addition, 

 is the nano specific heat at 

constant pressure,  is the thermal 

     

                  

where,  is the Reynolds 

number,  is the amplitude ratio,  is 

the Grashof number,  is the Prandtl 

number, and  is the non-dimensional 

heat source parameter. Substituting from 

equation (10) into the equations (6-9), 

we obtain the following system in frame 

(r, z) 

                             

 

                                                        

 

The above system (11-14) is solved for 

large values of wavelength  in 

the mixture of Al2o3/ water nanofluid. 

Then the mass equation still same but in 

contrary the equations (12-14) become 

                                             (15) 

            (16) 

   .                  (17) 

(9) 

(12) 

(13) 

(14) 

(7) 

(10) 

(8) 



 

148  
 

where,   and 

G=   ,  

The corresponding dimensionless 

boundary conditions for solving of 

equation (13) has the form 

  , 

.       (18) 

then the nano temperature becomes 

        

Substituting from Eqn. (19) into the Eqn. 

(16) and solving equation (16) with the 

following boundary conditions  

                                                                                             

                     (20) 

then, the nano velocity components of 

nano fluid through a peristaltic tube 

becomes  

W(r,z)=  

  And,  

 Where the nano fluid velocity 

components u and w in the direction of r 

and z respectively. The system (15-17) 

becomes in a closed form in a fixed 

frame when the volume flow rate takes 

the form 

,                 (23)   

The nano pressure gradient has the form 

 

In the same way, on the basis of 

equations (17-19), the stream function 

becomes 

 

Discussion and Results 

The physical problem describes the 

Al2o3/ water nanofluid flow in a 

peristaltic vertical cylindrical tube. The 

mathematical model consists of mass, 

Navier-Stokes, heat, and volume rate 

equations (6-9) and (23) respectively is 

transformed to a non-dimensional one 

(11-14). The system (11-14) for long 

wavelengths is reduced to another 

system (15-17). The nano temperature 

(19), fluid velocity components (21-22), 

pressure gradient (24), and stream 

function (25) are obtained as a solution 

of the system (15-17) in analytical form. 

 

 

 

 

 

 

 

 

(19) 

(25) 

(21) 

(22) 
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Table (1): The physical parameters’ values 

used in the present problem 

 
Density

 

 

Thermal 

conductivity 

k(W/mK) 

Specific 

heat 

(J/kg K) 

Water 958.3 0.6857 4240 

Al2O3 3700 46 880 

 

In the current problem, the range of void 

fraction for nanoparticles “ ” = 0.01, 

0.02 and 0.03. The physical values are 

illustrated in Table (1). 

The nano temperature distribution  

 varies with “r” for different 

values of heat transfer parameter ”is 

shown in Fig. (2a). It is noted that, the 

temperature proportional directly with 

the heat transfer parameter values.  The 

nano temperature distribution in 

terms of “r” for different values of 

amplitude “e” is shown in Fig. (2b). It is 

observed that, the temperature 

proportional inversely with amplitude 

values.  

 The fluid temperature distribution 

 varies with “r” for different 

values of void fraction for nanoparticles 

“ ”is shown in Fig. (2c). It is noted 

that, the temperature proportional 

inversely with void fraction for 

nanoparticles  values.  

      The nano fluid velocity w  in 

terms of “r” for different values of 

Grashof number  is shown in Fig 

(3a). It is noted that, the velocity 

proportional directly with the Grashof 

number values. The nano fluid velocity 

w  varies with “r” for different 

values of amplitude e is shown in Fig. 

(3b). It is noted that, the velocity 

proportional directly with amplitude 

values. The nano fluid velocity w  

varies with “r” for different values of 

heat transfer parameter is shown in Fig. 

(3c). It is noted that, the velocity 

proportional directly with heat transfer 

parameter values.  

The nano fluid velocity w  varies 

with “r” for different values of void 

fraction for nano particles  is shown in 

Fig. (3d). It is noted that, the fluid velocity 

proportional inversely with different 

values of void fraction for nano particles 

 values.      

  The pressure gradient varies with “r” for 

different values Grashof number  is 

shown in Fig. (4a). It is noted that, the 

pressure gradient proportional directly 

with the Grashof number  values. The 

nano Pressure gradient of fluid varies with 

“r” for different values of amplitude e is 

shown in Fig. (4b). It is noted that, the 

pressure gradient proportional directly 

with amplitude e parameter values. The 

Pressure gradient varies with “r” for 

different values of heat transfer parameter 

 is shown in Fig. (4c). It is noted that, the 

pressure gradient proportional directly 
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with the heat transfer parameter values. 

The Pressure gradient varies with “r” for 

different values of void fraction for 

nanoparticles   is shown in Fig. (4d). It 

is noted that, the pressure gradient 

proportional inversely with the void 

fraction for nanoparticles .  
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Fig. (2a): Temperature varies with   amplitude  

e=0.01, 0.03, 0.06
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Fig. (2 b): Temperature varies with   heat 

parameter ”             
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Fig. (2 c): The nano temperature  

varies with for three values of void 

fraction for nano particles  
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Fig. (3a): The nanofluid velocity varies with 

 for three values of and Grashof number 

“  

e =0.01, 0.03, 0.06
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Fig. (3b): The nanofluid velocity varies with 

 for three values of amplitude “e” 
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Fig. (3 c): The nanofluid velocity varies with 

 for three values of heat parameter  
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Fig. (3 d): The nanofluid velocity varies 

with  for three values void fraction for 

nano particles  
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Fig. (4a): The nano pressure gradient 

varies with “z” for amplitude “e”  
e=0.01, 0.02, 0.03

0.04 0.02 0.00 0.02 0.04

0.02

0.03

0.04

0.05

0.06

0.07

z

P
re

ss
u

re
g

ra
d

ie
n

t
d

P

d
z

         

Fig. (4b): The nano pressure gradient 

varies with “z” for Grashof number  
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Fig. (4 c): The nano pressure gradient varies 

with  for three values of void fraction for 

nano particles  
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Fig. (4 d): The nano pressure gradient varies 

with  for three values of heat parameter 

 

 

Conclusions                                                              

The viscous incompressible 

Newtonian fluid flow in a peristaltic 

vertical cylindrical tube were analyzed in 

detail. The suspended nano particles 

(A ) in the fluid flow affected 

behavior of physical problem. The nano 

temperature, fluid velocity and pressure 

gradient are affected by some physical 

parameters (amplitude ratio , Grashof 

number ”, and heat transfer parameter 

, void fraction for nano 

particles ; which are illustrated 

through the graphs. 

The concluded remarks from the above   

discussion of results and figures are 

tabulated in the following points: 

1. The nano temperature in the fluid 

flow increases with  heat transfer 

parameter  . On contrary, 

temperature decrease with amplitude 

ratio " " and void fraction for nano 

particles . 

2. The nano fluid velocity increasing 

with amplitude ratio " ", Grashof 

number and heat transfer parameter .  

3. The nano fluid velocity is 

proportional inversely with void 

fraction for nanoparticles . 

4. The nano pressure gradient 

proportional directly with Grashof 

number, amplitude ratio , and heat 
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transfer parameter .values. In the 

same way, the pressure gradient 

proportional inversely with fraction for 

nanoparticles . 

5. The nano particles A   play a 

dominant factor of nano fluid flow. 

6. The nanofluid temperature, fluid 

velocity and pressure gradient in a 

peristaltic vertical cylindrical tube 

prove the validity of the proposed 

model. 
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متصبص الحرارة إنسضغبط تحت تأثٍر إضبفة/للإقببل  ٍرغ (Al2o3/Water)نسبنسوي التمعجً لمبئعنسيٍبة الإ

 الرأسىسطوانسً الإنسووة الأداخل 

 علًلٍم مهب س/د. -عوده  محمد/د. -محمدٌنسلٍم على ./أ.د - غرابةعلى رٌم / أ

 قسى انشَبضُبد، كهُخ انعهىو، خبيعخ طُطب

يٍ َبحُخ  ثشكم غُش يغهقخ زرًذ دساسط خقُفالأو خ أسطُانش خ سططىاَُالأت بثَُالأانزًعدٍ نجعض انسىائم فٍ الإَسُبة 

َجىة الأ فٍ (Al2o3/Water) بئع انُبَىٌرذفق انًدساسطخ . فٍ هزا انجحث رًذ نكثُش يٍ انجبحثٍُ انًُىرج انشَبضً

نحشاسح. رًثم يعبدلاد انكًُخ يزصبص والإ ضبفخالإ يقذاسد ىزًعدٍ رحذ رأثُش اندبرثُخ وثجانشأسطً انسططىاٍَ الأ

 لأطىال انًىخُخ انطىَهخفً حبنخ اًُىرج انشَبضٍ ب نهوصفُش سطزىكس وانحشاسح ويعذل انزذفق انحدًٍ انكزهخ وَبف

انزبثعخ. رى حم انًُىرج رحهُهُب ثذلانخ رىصَعبد دسخخ حشاسح جبسايزشاد شكلًا يغهقًب نه ًَثم َظبو انًعبدلادوأٌ . فقط

رى كزنك وخىد اندسًُبد انُبَىَخ انعبنقخ فٍ انًبء. س الأخز فً الإعزجبوسطشعزه ورذسج انضغط يع  َخانُبَىانًبئع 

رىصَع دسخخ حشاسح وانُزبئح رجٍ أٌ اندسًُبد انُبَىَخ. وانسبئم انخهُط يٍ فٍ يسزىي دانخ الإَسُبة انحصىل عهً 

رذسج انضغط ونىحظ أٌ يصذس انزسخٍُ. ثبسايُزش ثقُى يخزهفخ نُسجخ انسعخ و َزأثشفٍ الأَجىة انزًعدٍ  يانُبَى

 بٌيصذس انزسخٍُ ورزُبقص ثبسايُزشيع رغُش قُى أسقبو خشاشىف ويعذل رذفق انحدى و َضداداٌ  سطشعخ يبئع انُبَىو

رثجذ نشَبضً نهًُىرج ا ًغهقانشكم اندضَئبد انُبَى. انُزبئح انزٍ رى انحصىل عهُهب فٍ ن ًدضء انفشاغيقذاس انيع 

 .انًقزشذ صحخ انًُىرج انحبنٍ
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


