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ABSTRACT

The purpose of this paper is to give decomposilions of continuity and
some weaker forms of continuity via idealization using the concepts of
B, -sats, oWLC, -sets, AE -sets and WAB, -sets.

1 INTRODUCTION AND PRELIMINARIES

In 1892, Jankovic and Hamiett [13] introduced the notion of |-opan sets
in ideal topological spaces. Abd El-Monsef ef al, [2] further investigated
l-open sets and [-continuous functions. In 1988, Dontchev [7]
introduced the notion of pre-l-open sets which is weaker than that of |-
spen sels. Recently, Hatir and Nolri [8] have introduced the notions of
B, -sets, C; -sets,a-l-open sets, semi-l-open sets and f -I-open sets. By
using these sets, they provided decompositions of continuity. In this
paper, we introduce the notions of aB, - sets, aWlLC, -sets, AB, -seis
and WAB, -sets to obtain decompositions of continuity and some weaker
forms of continuity.

Throughout this paper, for a subset A of a space (X, ). the closure of
A and the interior of A are denoted by Cl{A) and Int(A), respectively. An
ideal topological space is a topological space (X, ©j with an ideal | on X,
and is denoted by (X, = 0. The following collections form important
ideals on a topological space (X, = ): The ideal of all finite sels F, the
ideal of all closed and discrete sets CD, the ideal of all nowhere dense
sets N. A( 1) =fx e X| U~ A ¢l for each open naighborhood U of x}
is called the local function of A with respect to | and 7 [12]. When there
is no chance for confusion A%l) is denoted by A*. Nole that often X |5
a proper subsel of X. The hypothesis X = X* was used by Hayashi [11],
while the hypothesis © ~ | = @ was used by Samuels [18]. In fact, these
two conditions are equivalent by Theorem 6.1 of [12] and S0 the ideal
topological spaces satlsfying this hypothesis are called as Hayashi-
Samuels spaces.
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Td Another Oecompositions

For every ideal topological space (X, = /), there exits a tapelogy = (1),
finer than r, generated by lhe base g (lLty={Uy|tfer and | « I}
In general £ (I, r) is not always a topology [11]. Observe additionally
that CI*(a) = A* .. A defines a Ku ratowski closure operator for = *(/).
Now we recall some definitions and results, which are ysad in this
paper. )

Definition 1.1 A subset A of a topological space (X, t ) iz called:

(o) an c-open set (17 f A C Int(Cl{ Int(A)),

(b} a semi-open set [14f i A C CH Int(A}),

(¢) a pre-open set [15/ if A C Int(CI{ A},

(d} a G-open set (1] if A C CH{ Int(CL{A))),

(e) on aB-set [16/4f A = UnN V, where [ a8 ae-open and Int(CUY)) =
Int(V],

(f) an AB-set [6] if A = UV, where U is open and Int(CUV)) € V C
Cl{ It V),

(g) a WAB-set [9/ifA =1n V, where U is open and Int{CH Ind(V))) C
Ve CHIRtCIV))),

(h) a LC-set [3f{resp. alC-set [16]) if A = Un V, where [/ is openfTesp.
a-open) and 1V is closed,

(i) & Dip,ps)-set (5] if A0 CU{Int(CUA)) = A 01 Int{CUA)).

Definition 1.2 A subsei A of an Ideal topologlcal space (X, t, 1) is said

fo be:

{a) s-perfect (18] if A = A",

(b} a-l-open [8) if A C Imt(CU[Int{A))).

(c) semi-F-open (8] if A © CP(Ini{A)],

{d) pre-I-open [T of A C Int(ClI*(A)),

(e} strongly 3-F-open (10 if A C CU{Int(CLI[A))),

(f) an Ap-set [{] if A = Un V, where U is open and CU(Ind(V)) =V,
() o Bp-set (tesp. an aBr-set] (8 if A = [Fr W, where I is open (Tesp.
a-T-open) and Int(CT(V]) = Ind(V]),

(h) a Cy-set (8 if A = U0 V, where U is open and Int{ O Ind(V)})
Int(1),

(i) a WLC-set (resp. oW L-set) ({{if A = Un ¥V, where I is open (resp.
a-T-open) and GV} = 1
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2 Decomposition of some weaker forms of continuity

Definition 2.1 A subset A of an Ideal fopological space (X, ¢, s
called:

fa) an aBy-set if A = U1 V, where [/ is u;f-upen and Ind(CE{V)) = Int{V),
(b) a Dip,ps)y-set if A N Int{CU(A}) = A N CHInt{CI7(A))).

Every Bi-set 15 an abBr-set but not converselv as shown oy toe [oiowen.
example, :

Example 2.1 Let X = {a,b,c}, r = {X, @ {a}} and [ = {& {e}}. Then
A = {a,c} is an aB;-set but i s not a By-set.  For, Int(Cl*(Int(A))])
=Tt (G0 Int({a,e}})) = Int(Cl*({a})) = Int({a}u{a}") = Int(X)=X>
A and A is a-T-open. Therefore A is an aBj-set. On the other hand, A g T
and Int{CI(A)) = Int(Cl'({a,c})) = Int(X) = X # {a} =Int{A). Hence
A iz not o Br-set,

Proposition 2.1 For any subset A of an ideal topological space X, the
fal-lowingconditions are equivalent:

fa) A is semi-I-open; .

{b) There exits an open set U in (X, 7, 1) such that UV C A C CP (L.

Froof.

(a) = [b) Let A be a semi-l-open set. Then A © CI*(Int(A)) and put U =
Int{A). Then U is open and U C A C CF{L7).

(b) = (a) Let U C A ¢ CI*(l7) for an open set U. This implies CU*{Int(A))
= CI*(I7). So A < Cl*{Int(A)).

Proposition 2.2 Let (X, 7. 1) be an ideal topological space and let A ©
(X,7. ). Then, A is semi-l-open if and only if A = Un V., where {/ =
ClUInt(U7)) and CU(Int(V)) = X.

Proof.
Mecessity. Let A be semi-l-open. By Propesition 2.1, U € A < CI*(U) for
some UJ € 7. Note that OI*([7) = CI*(A). We write A = CI*(I7) \ (CI*(07)
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A} = SN XN (CF I A)). Then, U= Int{l) < Fat(C(L7).C CE(L),
Therefore, CI*(I7) = Cl*(Int(CI(U))). Besides, CI*(Int(X % (CI* (U]} A)})
= QP X\CUCE (TN A)) 2 CH{X\CUCT{LNAL)) = Cl (XN (Cl NN
= CI*'((X\ Cl(LNjull)= Cr (X (U)ot} S (X\Cl(Uyuct(U)
= X. 8o, CP(Int(X \ (CI*(I1) 4 A))) = X. Then, A = U N V where U =
CI*(Int(l)) and CT{Int{1)) = X.

Sufficiency. Assume that A = U NV where U = CI*(Int(1/)} and CI*(Tnt(V}]
— X_ We choose G € r such that U = C*(Z). We put H = G n Int{V}. Then
H & r with H © A, Finally, CI*(H) = CI*(G N Int{V)) = CI*((7). Therefore
Hc ACCl*H) and A is semi-1-open.

Theorem 2.1 A subset A is semi-l-open in an ideal topological space
if and only if it is strong ji-l-open and' e oW LO-set.

Froof.

Necessity. Let A be semi-T-open. By Proposition of [8], A is strong-(-l-open.
By Proposition 2.2, A = Ut V where U = Cl*(Int{L7)) and C*{Int(V))
= X. Since Int(CI*(Int(V)}) = X 2 V, V is a-l-open. Besides, CI=(l} =
Ci*(Intil) = U. So A is an ol L{-set.

Sufficiency. Let A be strong 3-I-open and an aW LC-set. Then A= Un
V, where U is a-l-open and CI*(V)= V. By the definition of strong F-1-
openness, we have A © CI"(Int(C1*(A))). Then A C U N C(Int[CI*(A)))
c Un CP(Int(C1(V))) = Un Cl (V) cUNCHV) =T N V=A.
Thus A = U 1 CI*(Int(CI*(A))), where U is a-l-open and by Proposition
2.1, O [ Ind (€1 A)}) is semi-l-open. Therefore by Proposition 2.3 of 4], A
is semi-I-open.

Theorem 2.2 A subset A & oa-l-open in an ideal topolegical space
(X, 7, 1), if and only if it is pre-l-open and an aB; -sel.

Proof.

Mecessity, It is obvious.

Suffeiency. Let A be pre-I-open and an e Hy-set. Then A = U NV, where U is
a-l-open and fnt(CU(V])) = Int{V). By the definition of pre-I-openness, we
have A C Int(C1*(A)). Then, A C Un Ind(CE(UNV)Y) C Un Int(CE(L)
N It (CF(V)) = U N Ini(V) C A Thus, A = U 1 Int(V), where U s e
<l-open and Int(V) is open. We obtain A is a-I-open.
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Theorem 2.3 A subset A is pre-l-open in an ideal fopological space
X,7.1} if and only if it is ; 3-T-open and a Dp, ps)-set

Froof,

Mecessity. It is obvious,

Suffciency. Let A be f-T-open and a INp, ps)-set. By the definiti :

| , . By the ition of 4-1-
e, w-!ﬁ‘]:mve A C Cl{Int{C1*(A))). Then A = A 1 ClH{Int{CT(A4))) = A
N Int(CI(A)) € Int(CI*(A)). Thus A is pre-L-open,

Definition 2.2 /4 function [0 (X, 7,1} — (Y,z) i aB;-continuous [resp.
aW LC-continuous, D(p, ps)-I-continuous | if for every V£ a, (V) is an
aBy-sel (resp. an aW L -sel, a Dip, ps)r-set) of (X, 7, 1)

Theorem 2.4 Let (X, 7, I) be an ideal topological space. For a funciion I
(X, 7, 1) — (¥, ), the following conditions are equivalent:
fa) [ iz semi-i-confinuous;
(b) [ is strong 3-I-continuous and ol LO; -continuos.

Froaf,

This Is an immediate consequence of Theorem 2.1.

Corollary 2.1 {[16], Corollary 3.8) Let (X, 7, I} be an ideal lopological
space and | = [@). For a function f (X,7) = (Y.0), 'the following
conditionsare equivalent:

fa) f is semi-confinuous; |
(b) [ is F-continuous and oL C-continuots.

Proof

Since I = {@}, we have A* = CI{A) and CI*(A) = AU A* = Cl{A) for
any aubset A of X. Therefore A is semi-l-open (resp. strong g-l-open, an
aW LC-sct) if and only if A is semi-open (resp. F-open, an aLC-set). The
proof follows from Theorem 2.4 immediately.

Theorem 2.5Let (X, 7, I be an ideal topological space. For a function f:
(X,r. T} = (Y,c).the following conditions are equivalent:
(a) f is a-l-continuous; :
(b) f is pre-I-continuous and oo -continilons.

Proof,
This is an immediate consequence of Theorem 2.2,
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Corollary 2.2 {[18], Corollary 2.7} [ (X,7,1) be an ideal 'Eumiogmt_nﬂ
space and [ = {@}. For a function f: (X, 7) — (¥, ), the follownng condi-
tons are equivalend:

fa) fis c-continuons;

(b) f is pre-continuous and oB -confinuous.

Proof.

Since T = {&}, we have A* = CI{A) and CI*(A4) = AU A™ = Cl[A} for
any subset A of X. Therefore A is a-l-open (resp. pre-l-open, an aB-set) if
and only if A is a-open (resp. preopen, an aB-set). The proof follows from
Theorem 2.5 immediately.

Theorem 2.6 [ (X, 7, 1) be an ideal topological space. For a funclion [
(X,r, ) — [Y,a), the following conditions are equivalent:

fu) [ is pre-I-continyous;

(b} fis G-I-continuous and Dip, ps)-I-confinuous.

Froof.
This is an immediate consequéence of Theorem 2.3

Corollary 2.3 ([5])  Let (X, 7, [) be on ideal topological spoce and [ = qe_ﬁ.
For a function f; (X,7) = (¥,o), the folloutng conditions are equivalent:

fa) fis pre-confimuous; :
(b) f is f-continuous and D(p,ps)-continuous.

Proaf,

Since T = {@}, we have A* = CI[A) and CI"(4) = Au A* = Cl{A) for any
aubset A of X. Therefore A is pre-I-open (resp. G-I-open, a D(p, ps)-set) i
and cnly if A is pre-open {resp. f-open, a D{p,ps)-set). The proof follows
from Theorem 2.6 immediately.

3 Decomposition of continuity
Definition 3.1 A subsei A of an ideal topologlcal space (X, v, 1) is
called an AR -setif A = U V, where U iz open and Int(CF(V))

C Voot (Int(V)).
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Propesition 3.1 Let (X, 7. 1] pbe apn ideal topological space. For a
subgset A C X, the following implications hold:

Az-set = AB;-set = Bj-set.

Proof,

The proof is obvious,

Mone of these implications is reversible as the following examples
show:

Example 3.1 [aor X = {a,bcd}, 7 = -[X,ﬁ.{b},{d},{b,d}} and [ =
{@,{c}}. Then A = {b,c} is an AB;-set, but it s not an A;-set. Because,
Int{CI*(A4)) = Int{C{{b,e})} = Int({b, c}U{b.c}*) = Int{{a,b, ct) = {b}
C A. Besides, CI{Int(A)) = Cl*(Int{{b, c})) = CI{{6}) = {b}u{b}* =
{a,b,c} O A and A is an AB;-sef. On the other hand, A = {b,c} ¢ 7 and
Cl*(Int(A)) = Cl{Int({b,c})} = {a.b.c} # A Hence A is not an Ay-sel.

Example 3.2 Lef X = {q b e d}, v = {X, & {a} {c,d} {a,c,d}} and [
= {& {a}}. Then A = {a,b} &5 a By-set, bul it is not an ABj-sel. For,
It(CI(A)) = Int(CI*({a, 8})) = Fat({a, b} U {a,b}"} = Mnt({a,b}] = {a}
= Int{A). So A iz a By-set. On the other hand, A = CI*(Int(A)) ¢ v and
Cl(int(A)) = C*(Int{{a,b}) = CI*({a}) = {a} U {a}* = {a} 2 A. S0, A
17 not an AB-zel

Theorem 3.1 For a subset A of an ideal fopological space (X, «, I}, the
fol-lowing are equivalent:

fa) A is an ABj-set;

(b} A is semi-I-open and o By-set;

fe) A is strong §-T-open and a By-set.

Froof.

{a) = (b} and (b) = (¢) are obvious.

{e) = (a) Let A be sirong J-T-open and a Br-set. Since A is a By-set, A
= U Ny, where U is open and Med(C(15)) = Iné(Vg). Then A C U N (A
U Int{CI(A))) o U n (Vg U Mnt(CI(Ve))) = Unly = A. Henee A = U
N (A U Int(Cl7{A))). Besides, Ci*{{nt(A U Int(CT*(A}))) = OF{Int{A) U
Inf{Cl1*(A))} = CU*(Inf{CI"(A))). Since A is strong G-I-open, €1 (Int(A U
Int(CI{A)))) 2 AU Int(C(A)). Furthermore, Int{C(A U Int{CP(A))))
= Int{CI*(A) U Cl(Int(CI(A)})) © Int(CL*(A}). Therefore Tnt(C1*(A U
Int{CI*{AN)) € A U me(C(A). Put V = A Ulni(C17{A)). Then, A =
Un V, where U € 7 and Int{CI"(V)) C'V < CI*"(Ini{V)}). Hence A is an
ABp-set.
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Theorem 3.2 For a subsst A of an ideal topological space (X,T,I),
the following are equivalent. :

fal A is open;
() A is pre-T-open and an ABp-set;
fe) A is pre-l-open and a By-set.
Proof,
fa} = (b) and (B)=(c) are obvious by Proposition 3.1.
{c)== (a) This follows from Proposition 3.3 in [B].
Definition 3.2 A subset A of an ideal topological space (X.7.1) is called

i W.-{Bg -get if A = Un V, where UV iz open il an{C'!'{IﬂJLI[V]:I] c'V
c CI(Int{CF (V).

Every ABp-set is a WA Bp-set but not conversely as shown by the follow-
ing example.

Example 3.3 let X = {abcd}, T = {X,2,{b}, {a.d}, {a.bd}} ond
= {@,{c}}. Then A = {e,c} is ¢ WAB-set, but if is not an AB;-set.
Int(CF (Int(A))) = Int{Cl(Int({a,c}))) = Int(CL()) =0 C A. Besides
St (O (AN = CI(Int(C1({a,e}))) = G (Int({o, c} U {a,c}*) =
Ci*(Int({a,c,d})) = Cl*{{a.d}) = {a.d}U{a,d}* = {n,c d} 2 A Therefore,
A iz @ WAB;-set. On the other hand, A = {a,c} € 7 and Cl*(Int(A)) =
Cl*(Int{{a,c})) = CI(@) =0 3 A. So, A is not an ABj-sel.

Every W AR, -set is strongly f-I-open and a C'p-set but not comversely as
shown by the following examples.

Example 3.4 Let X = {a b c}, 7 = {X, 2, {a}, {b}, {e. b}} and T = {2, {b}}.
Then A = {b, ¢} is a Cj-sel, but it is not o WAB-set. For, Tnt{CI*(Inti A)))

—Iat(CI{Int({b,c}))) = Mnt(Cl{{b})) = fnt{{b} L {b}"} = Int{{#}) =

{b} = Int(A). So, A is a Cy-set. On the other hand, 4 = {bc} & T

and CU(Int(C1*(A))) = CI(Iat{Cl({b,c}))} = CU(Int{{b, e} [b.e})) =

O (Int({h,c})) = CI{({B}) = {b} U {b}* = {6} P A. Therefore, A is not o

W AB-gel.

Example 3.5 Let X = {a.b,c,d}, 7= {X. 2, {a}, {o,c}} and I = {&, {b}}.
Then A = {a,c,d} is strong F-T-open, bul @ 45 not a W A -set. Beoause,
O {Int(CI(A))) = CI*(Int(Cl*({a, . d}))) = CI*(Int({a,c, d} L {e, c,d}*))
= O (Int(X)) = X D A. Therefore, A is strong 3-I-open. On the other hand,
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A ={a,c.d} & 7. Besides, Int(Cl*(Int(A))) =Int(CU*(Init{{a, c.d}})) =
Int(C* (e, e})) = Int{{a,c} U {a,c}*) = (X} = X & A. 5o, A isnot a
W A By-set.

Theorem 3.3 For a subset A of an ideal topological space (X, ©, ), the
following are eguivalent;

fa) A is apen;
(i) A is -F-open and o W AR, -set;
fe) A s a-F-open and a O -set.

Proof.
(a) == (b) and {b) =* (c) are obvious.
{e)=+ (a} This follows from Proposition 3.3 in [8].

Definition 3.3 A function £ (X, 7, 1) — (¥, ) i2 AB;-continuous (resp.
WALy -continuos) if for every V€ a, f1(V) is an ABp-set resp. a WAB,-
set} of (X, 1, I).

Theorem 3.4 Let (X, 7,1} be an ideal topological space. For a function f:
(X, 7. 1) — (¥, ), the following conditions are equivalent:

fa) fis continuous;

(B} fis pre-I-continuous and AL} -continuous,

Proof,
This is an immediate consequence of Theorem 3.9,

Corollary 3.1 ([5], Theorem 4.4) Let (X, 7, 1) be an idenl topological space
and I = {@}. For a function f: (X,7) — (¥, a), the Jollowing conditions are
equivalent

{w! f1s continuous;

(&) [ is pre-continuows and AB-continuous.

Proof.

Since 1 = {@}, we have A* = CI(A) and € A = AU A* = CI{A) for
any subset A of X. Therefore A is pre-T-open (resp. an AF-set) if and only
if A is pre-open (resp. an AB-set). The proof follows from Theorem 3.4
immediately.
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Theorem 3.5 14 (¥ 7.1} be an ideal topological space. For o function
(X,7,1) — (Y, ), the following condifions ore eguivalent.

fa) fis continuous;

(b} f is a-I-continuous and WAB;-continuous.

Praol.
This is an immediate consequence of Theorem 3.3.

Corollary 3.2 ([9], Theorem 4.1) Let{X. 7, T} be an ideal topological space
and [ = {@)}. For a function f: (X, 7) — (¥, 7), the following conditions are
equivalent:

fa) fis contintous;

(b} f is -continuous and WA B-continuous.

Proof.

Since I = {@}, we have A* = Cl{A} and I (A) = AU A" = CI{A] for any
qubset A of X. Therefore A is o-l-open (resp. an W AR;-set] if and only
if A is a-open (resp. an WAB-set). The proof follows from Theorem 3.5

immediately.

Conclusions 3.1 Let (X, 7, 1) be an ideal topological space. For a function
f:(X,7,I) = (Y,0), the following properties are equivalent:

fa) [ is continuous,

(b) f is pre-I-continuous and ABj-continuous,

fe) f is ce-d-confinuous and W A B -contintons.
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