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ABSTRACT

A reguiar siructure for a topological space s defined. Also, & refation
betwean & reguiar struciure and an Ablan's sfructure is investigaled,

INTRODUCTION

In [1], Abian defined a uniform structure for a topological space so thal
the theorem that a continuous function on a compact space is uniformly
continuous holds. As uniform spaces are well- known [e.g. 1, 4], one
would naturally like to compare a uniform structure with a uniformity
when the former is defined. However, it does not seem easy to do this
between a uniform struclure defined by Abian { we shall use the name
“Abian's structure® in the sequel) and a uniformity. In this paper, we
define a regular structure  (Definition 2.1 below) for a space so that
ihe above mentioned theorem holds and it is easy to compare a regular
siructure with a uniformity. Moreover, a relation between a regular
structure and an Abian's structure is found and it follows that a
topological space which admits an Ablan's structure must be regular.

1. PRELIMINARIES

We state here definitions occurred in [1] and a simple resull for latter use. Let X
be a topological space and | an index set. For each i €1, let 3 be a collection
of open sets of X. Moreover, for each 1 € fand each x € X, lel y(x) = {X € ¥
X £ X} and Si(x) = wA{X : X € ¢{x)}. An ordering < for [ |3 defined as follows.
For i.jin{,i=j if and only if every X € y; is a subset of some X, € ;. [t
should be noted that = is reflexive and transitive. The family { [ € I} is called
an Abian's structure for the space X if it has the following properties (1}, {1} and
(11.

(M) If x is & point of an open set G'in X, then there is an j &/ such that . {3,
(¥l ¥ = Szl =G.

{il) For any i in {, we have eitheris jorjsi.
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Mext property (IV) is an easy'consequence of (I} and the fact that each member
in each y  Is open in X.

(V) A subset G of X is open if and only if for each x e G there isani el
such that Six) c G.
Now, let X and ¥ be two topological spaces with Abian's struclures fuiiel}
and { Y, - j =J) respectively. A funclion ffrom Xto Y is said o be uniformly
continuous if for each i € 3, . is mapped into some Y; & Y

2. DEFINITIONS
In this section we define regular structures for a non-emply set and introduce
the concept of uniformly continuous functions,

Definition 2.1. Let X = @ be given and A denote the diagonal of X = .-‘H:' A
collection {7 of subsets of X = X is called a regular structure for X'if the following
conditions are fulfilled:

(1) A s & subset of each U < {7

{2) The transpose U of each member U £ {7 contains some V = U

{3) The intersection U~ V of each two members in. #contains a third one.
{4) For each U = [7 and x =X there exists a V = {7 such that Ve {7 such

that W Wyl b [¥] forall y e V [x].
The above notations are as in [2, 3, 4].

It is clear that {7 would be a base for a uniformity for X if condition (4) was
suitably strengthened. It is also clear thal a topology for X can be induced by
defining a set G = X to be open if for each x G there is a U el with U [x] =
5.

Definintion 2.2. Let {x, Lf} and (Y, L’) be two spaces (with this notation, it
is understood that 7 and ¥ are regular structure for X and ¥ respectively) and
let fbe a function from X to ¥ fis said to be uniformly continuous if for each V
F there exists a U = I such that U] = Vi) for every x e X,

3. RESULTS

Theorem 3.1 If a function f from (X, f-f,l fo (Y, I:"’] is continuous and the
space (X, U} is compact (topological properties are refative lo the topologies
induced by [/ and §°), then fis uniformly continuous.

Proof Lel V e ¥ be given. For each x £ X, since f{x) < ¥, by condition (4}
in 2.1, there exists a VeV such that Vi, o V, [y] = Vi for all y « V [fix)]. Also,
there exists af¥,.e #such that W.c ViV ' . Since fis continuous, there is for
each x = X a U, e [7 such that fiU.fx]) = W, ffix)]. By conditions (4) in 2.1
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a-ga[n, there is for each X = Xa {?, (= [T’ such that [} - [} « [2] = U, [z] for all z
= {7, [x]. Cleardy {Int ({7, [x]) : x & X} is an open covering for the compact
space X Thus [U:, {x:] :p=1,2, ..., n}= X for some finite sat {x4, x,....%)
in X By condition (3) in 2.1, there exists a {7 = #contared in ~ {H :p=1,
2 Ay Asser L] <= VIRx]] for all x e X, To see thls let x EXhe gwen X &
rfw{xjfﬂrsnme p={12,...... n}. Hence U [x]c .!'.-' [x] = {,- o U 3 [x] =

x, [x] and

F{Uxll=F( L-fxr fEolle H’I_ [Fixl "t _

In particular, we have fix)= W, [f ()] Since W, =V~ V', We gel
fixgbe W [fx) and fix} = Fx’ ffix)l It follows that H"ﬁ i (il = If;; CH T
{fix)]. This together with {«) gives FU] < V [ifxl]. This proof is complete,

To study the relation between an Abian's struclure and a regular struclure, lel &
topological X and an Abian's . structure {y, - i= 1} be given. For eachie /, we
define Ly = {{x,¥} ) & S{x)}. With this notation , we have

Theorem 3.2, f__f = (L fe 1} s regular structure for X (we shall call it the
regular structure induced by the given Abian’s structure ) and the topoloQy
induce by {/ coincides with the given topology for X .

Proof, We have 1o check if f__f satisfies the four conditions in 2.1. condition
(1} is clearly satisfied. We shall show that [/ "' < [/ for each i e/ and condition
(2} follows. It is easily seen that U, fxf = 5 {x) for all § = [ and all xe X, If (x,3) =
LY, Ehen ¥ S,{x,.liu X Xie x ix)), that is there is an .f'_: = 3 (%) such that
ye X,  Thus xeX, =y ) and x= S () which implies (¥, xle U or (x, yle
/7" . To prove that condition (3) holds, let j and j in | be given. In view of
property (I} in § 1. we may assume that i $J. Then it is clear that U~ U= U,
Finally, let i= ] and x=X be given. Fix an X;= y (x). Since X; is opan and x = X
. by (1), there is a je [ such that “[Si{y): y= Sixl)= X = Syx). Similarly, there is
a k= I {we may assume ksj ) such that ~ (Sl ye Syxl} = Six) . It is routine
to show that I, « 7, [v]l={/ [¥] for all ¥ e U [x].Thus condition (4) is also
satisfied. It remains o show that the topology induced by [7 is the same as the
given one for X, But this iz obvicus by (V) and the fact that 5¢x) = Uyx) for all x
FX. The theorem is now proved
Concermting the definilion of uniformly confinuous funclion, we hawe the
following.

Tnenmm 3.3 Let X ¥ be topological spaces with Abian's structures £
e r}and{F s Je J ) respectively, and let £ be a function X from to Y. We
hawe :
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{a) if £ is uniformly continucus according to § 1, then fis uniformly cantinuous
according to Definition 2.2 relative to the regular structures induced by the given
Abian's structures | ;

(k) if the space X is compact, then the converse of (a) is true.

Proof, Let the induced reqular struclures be denoted by [ ={U, : i<} and

= {V,:jed } respectively, whare :

th=fixx' ) x" eSfx)and  Vi={{y}¥):Fe Syl
To prove (a), lel fe J be given. By assumption there Iz an fe I such that, for
each Xi= 5, F{*)c Y; for some Y & E . Obviously, for any fixed xe X F{X;) =
S f(x)) for every Xie x (x). Thus, RUSD= (S{xh== {f X0):Xiex (<= S (F (6=
Vi IF (x1].

Wi ;xn:::eel:l to prove {b).For given je Jand x, e X, fix a 'sF' £ "{r {xal)
Since f{xg}e ¥, and ¥, is open in Y, there is an ly « J such that F, [fixg)] = ¥
Uniform continuity of f according to Definition 2.2 implies the BHE’[EI‘IGE of an
mef such that fULf}=V, [x)] for all x X Now X e % and Upe [
imply that thera is a ky =/ with U eff [r =/, [x,], we see that for
every xelf, [x,], _j"{H%[r]}r__f'[[" [rﬁ]}-::lf’ [Flx,)]c Ir’ Moting that
x; 05 an arhltrar':.r point in X, we have for each xeX a kf;-;]:: I such that
filhafzlc Y for some Y = }“ and all ze Ukyfx]. By compactness of X, there is
a finite set {x;,x,, .....x = X such thatws {1/, e [x,):p=1.2,.....A)=X By (ll}yin g
1, there is a ke {kix) kixz)........ kx.)} such that k=" kix )t for all p=1,2,.........0.
Assert that sach X,= 3, is mapped into Some Y, < }'H'; Since Xye ¥k
must be a member of y, (x) for some x e X (the case X, = @ is trivial
and is not considered), X, < Sk(x)= .':ré ()=l [r] where pisin {1,

2, .....n}pwith x e n!'f NEMA mllnw*s that ff.h:'h,ll = H [:r:] -0
lclr some ¥, ¢ I, . the th&mem is proved.
4. REMARKS

Remark 4.1. Owing to Theorem 3.3, Abian's result fellows from our
Theorem 3.1. If a regular structure [T for a topological space X (that is,
[/ induces the topology for X) is induced by an Abian’s structure, then
every two members of [J are comparable with respect to —. However,
in general a regular structure need not have this property and hence is
not necessarily induce by an Abian's structure. Thus we can hardly say
that Abian’s result impligs ours.

Remark 4.2. A regular structure for a space X is similar to a
symmetric indexed neighborhood system with ' local triangle inequality

Dielta . Sci, 2005, 28, 45-50



Ziham J. AL Sayyad =0

for X " defined by Davis [2]. Similar to his proof [2, Theorem4], we can
show that a topological space admils a regular structura if and only If it
is regular, Consequently, a topological space thal has an Abian's
structure must be regular. It is unknown to the author whether a regular
topological space admits an Abian’s struciure or not.
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