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ABSTRACT
In this paper we introduced a new typa of isometric felding we
called it isometric falding of finite type. We proved that any isomaelric
folding is of finite type iff it determines a stratification on M made up of
finitely many strata of dimensiens 0 and 1. Finally we explored the
connectadness of the singular set and we proved that the composition
and tha Cartesian product of isometric foldings of finite type is an
isometric felding of finite type.
1. INTRODUCTION
The theory of isometric folding is introduced by S. A. Robertson [12],
then it has been pushed by E. El-Kholy [2]. Many other types of foldings

are invented by E. El-Khaoly and others [3:12].

Let M and N be smooth connected Riemannian manifolds, of
dimensions m and n respectively such that m = n. Amap f - M — N
is said to be an isometric folding of M into N Iff, for every piecewise
geodesic path 1. J — M, the induced path f,y:J— Nis plecewise
geodesic and of the same length as y, [13]. The set of points of M
where f fails to be differantiable is called the set of singularities of the
isometric folding f and is denoted by E{ f ). This set of singularities will
pariition the manifold M into strata of dimension k = 0,1,. . ., m, where
. { f ) denote the union of all strata of dimension k. This sel
corresponds o the folds of the map. The set of all isometric foldings of
M into N is denoted by S M, N ) and of M into itsell by J(M).

There Is no assumplion aboul continuity or differentiability of
isometric folding, continuity fellows from the definition. In general an
isometric folding need not be differentiable.

Let fe T{M N), where M and N are smooth Riemannian
2-manilfolds, i.e., surfaces, then the sel of singularities, Z{[ }. is
a graph embedded in M such thal every verlex of the gragh has even
valency (the valency of a vertex of the graph is the number of edges
incident at the wvertex In the graph). Of course, I (f) need not be
connecled and may have components homeomorphic lo circles and
have no verlices [12].
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2. RESULTS

[2.1) Definition
An isometric folding £ e3( M, N} is sald to be of finite type iff f has
finitely many regions.

We denote the set of all isometric foldings from M into N of finite
type by Fi M, N ), and the set of all isometric foldings from M into ilself
by F(M).

& very simple example of an isometric folding of finite type is the
map f: % —— & givenby f{x, y) = (| x| | ¥ |}, see Fig. (1)

Fig. (1}
Fram now on, M and N are complete and connected 2-Riemannian

manifolds.

(2.2) Theorem

Let f e (M, N). If Fis a face of M, then for all x, y eF there is
a geodesic segmeant o on F joining x to y such that de( x, ¥) = Liz).
Mareover, if o Is any geodesic segment on M joining x e Ftoy e F
and L{g) = du{x,)) then o is a geodesic segment on F and
de (X, §) = dul x, ¥}

Froof
Let feS (M, N) and F be a fage of M determined by £, For each x , ¥
e Fthere is a geodesic ©; % —— M on M such that <(0) = x, ={fy) = ¥
for some t, e % and L (] [0,6:]) = du ( %, ¥).

Now, t(f) € F for all { £[0t]. otherwise the Induced zig-zag
Fot:[0,f] — N must have singularities on 0, f; [, and hence

O { £, FO) < dped %, ¥) {(2)
On the other hand f!F Is an isometric immersion info N, Thus
de{x,y)=du(f{x). F{y)) forallx,ye F. Bul du(x, ¥} = de{ ¥, ¥}

Hence dy( x, ¥} = du( f{x}. () (4)
which contradics (3). Thus o =1 [0, ] is & minimising geodesic
segment on F, i.e., = is a geodesic segment and Lich =de [ X, ¥).

Deka J, Sci, 2006, 28, 14-20
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By the same procedure we can prove the secomd parl of this
theorem.

(2.3) Theorem
Letfe I (M, N). Then fe F( M, N ) iff it delermines a stratification
on M made up of finitely many g-strata, g = 0,1.

Proof

Lel f be an isometric folding with a stratification on M made up of finitely
many g-strata, g = 0,1, Since any j-strata, { = 0.1, of M must belong to
the frontier of at least two distingt (i+1) strata. Thus no. (E; ) = 2 (no.
%, ). Then the number of strata of dimension two is finite and hence
the isometric folding Is of finite type.

For the converse, let f be an isometric falding of finite type. Then
the number of strata of dimension two is finile, say r. Let A, Az, .. . A,
be the faces of M.

For each j= 1,2, . . ., r the frontier, 24, of A; is & union of strata of
lower dimensions, i.e., 84, = U (C.), ae €, where C.e Iy f U X f and
£y is a set of indices. Then either
{i} £ is a finite set forallf{1.2, ... r}or
(i) L3 is not finite for some j {1 b RPN 1 |

In the first case M will be composed of finitely many g-strata, g = 0.1,

The second case can not be arised by using the fact that any i-
strata, i = 0,1, of M must belong to the frontier of at least two distimct
{i+1) strata.

in the following two theorems we will explore the connactedness of
the singular set of an isomelric folding.

(2.4) Theorem
If fe3(M, N)issuchthal Z{ f) = &, then I( f)is connected iffZ ( F)
is an Eulerian graph.

Proof

As mentioned before, the valency of each vertex of E{ ) for any
fe 3(M,N)is even. The proof of the theorem follows from the fact
that any connected graph Is Eulerian iff the degree of each vertex is of
even valency [1].

It should be noted that this theorem is also true for isometric foldings
of finite type.

Detla J. Scl. 2005, 28, 14-20
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{2.5) Thaoram ]
The composite of finite number of isometric foldings of Riemannian
manifolds of finite type is an isometric folding of finite type.

Proof

Let M, N and L be any complete connected Riemannian 2-manifolds.
Let f :M —— N and g: N — L be isometric foldings of finite type,
then each of F and g must has finite number of faces, say A, Az . . .,
A:; and By, Bz, ..., B, of M and N respectively.

Mow, A, (1 A= @& for k #/and f | A is an isometric immersion of A
into N. Thus x & 52 g F iff x e A&} F (B F(A)} forsomeie {1, ..
.. &} and some e {1,...,r}

The subsets 8, (] f{ A;) of N are arcwise connecled sets and their
number is finite, hence the number of 2-strata on M determined by go f
Is less than or equal to rs, and hence finite, l.e., g, f « F( M, L).

(2.6) Example

Let M= 52 ={(x, y, 2+ + 7z =1}. Defineamap f: § — §°
by f (x.¥,2})=(x, y.l2|). Then ! Is an isometric folding of finite
type, the image f (5% = N is the upper hemisphere, and the number of
regions of [ 2-strata, is twa,

MNow, let g: N —— L be a map defined by, g(x.y.2) = {xLl¥| 2.
Then the map g is an isometric folding of finite type, the image g (M) = L
is the positive octant and the number of regions of g is four. Now,
gof:M——l is an isometric folding of finite type defined by
fgofifx,y.2) = {x||¥llzh, and the number of regions of
gof iseight, see Fig. (2.

Dhela J. Sai, 2005, 20, 14-20
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(2.7) Theorem

Let fe F(M,Nland ge F(L,P). Then fxge (M= L, N=x P, i.e.,
the Caresian product of isometric foldings of finite type iz an isometric
folding of finite typa,

Proof

Let M, N, L, P be smooth manifolds. Let fF: M— N and ¢ L — P
be isometric foldings of finite type. Then each of f and g must have
finite number of regions, Z, f and L ; g respectively, say A Az, . . . . As
and By, B:, ..., B, of M and L respectively.

Any region of fxg E . Ffxg , is obtained by the Cartesian
product of region of M dnd L. Thus the number of regions of M = L is
the number of M regions multiplied by the number of L region, i.e.,
onfE _,fxg) =noffyf)x nu.iEE g1 = 5r, and hence is finite, and
the theorem is proved,

Deka J, Sci. 2005, 73, 1420
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(2.8} Example :

Let M=fl0. Ve ASyS 1) N={{xyleR: #+y =1} Lel
F M —— M be defined by f(x,y)={x, |y[)and g: N — N be
defined by g( ¥, ¥) = (| x|, ¥). Each of f and g Is isometric folding of
finite type and the number of 1-strata {regions) of each of f and g are
twa.Now M x N ={{x,y,2) e R°: x* + ¥ = 1} Is a cylinder and
(Fxg) (MN):M = N— M= Nis defined by { F= g {x, v, 2} = {x | ¥ |.
| z [). In this case the number of 2-strata {regions) are four, actually it is
the number of 1-strata of f multiplied by the number of 1-strata of g.
Thus f » g is isometric folding of finite type, see Fig. (3).

{0, 1} 0.1
(0, 0) Sl 0, 0)
Lo, -1 M)
it
—E .
N =8 G
Il_,./-"g_'—_\-"\-\\I _\3+.}’=1,FI
e
.. LI 8 R giiM = N)
Pl anpad
(W= N
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