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ABSTRACT
In this paper, we showed that the spece IL containg hyperplanes Y with maximal Butl befter
relathve projection constants than that grsen belore Use peametry 1o construct the exact minimal
narm projection from L onte ¥, and glve a posdive answer 1o the guastion in & fialte
dimengional Bansch space X with dimension n, is there hyperplane wih the greatest exact

i
relative projection constants 2 = —7
K

INTRODUCTION
Since the existence of 2 projection P from a Banach space X onto its closed subspace Y Is

equivalant to the existence of an exiension T of any oparator T fram ¥ inte W 10 an operator
of the extended operator be made?] and [what is the projection of smallest norm?] are related
1o the study of the relative projection constant A(Y, X'} of ¥ in X that is defined by

AY, X)=inf{ |P|: £ a projection from X ame ¥}, ——(1)

and the absolute projection constant of ¥ that is defined by
AN =infl AY, X): & comains ¥ as a closed subspee | ——(2)

In a finite dimensional Banach space with dimension n, the quastion is there hyperplanes with

from X into W such that [T]| < || [7]. The two equivalent problems [how small can the nom

-
the greatest exact relative projection constanl 2 — — 7 has a positive answer, In this paper we
o

i

gave examples of hyperplanes of exact relalive ﬁmpemmn consiants equal 2 - =
i

In (1938) Bohnenblust [1]. it is shown that if X, is a finite dimensional Banach space with
dim{{)=n and ¥, is a subspace of dimension (n-1), then the relative projection constant of
.1 in the space X, salisfies
"
A Y, X)si-——3)

n

In (1983) Konig, Lewis and Lin [3] gave ithe general estimation of the relative projection
constants of a k-dimensional subspace Y, of the & = m-dimensional Banach space X, they
showed that

ISSM 1012 = 58E5
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e }M.-l:{ »(4)

1,,[Ju'— in - i:]n]
- :

In (1994) Konig and Tumahdaegemﬁann [9] gave the upper estimate for the absolute
projection constant  A(¥) of a finite dimensional space ¥ with dim=n is found in the form

j_{}"’] < {q'n—:l,—_pmw o fiw the real fleld, {5)

un-—vﬂ{u ) in the compler feld,
24n i

Even the two resulls given In equations (4} and {3) are more recent than thal given in
equation (3), but for the hyperplanas the estimation given in (3) is mone betler than that in (4)
and (5).

The precise values of I, I and I7, p =1, p=# 2 have been calulated by Grunbaum
[7], Gorden [8), Garding and Gordon [5], Rutovitz [11) and Konig [10].

In [4] interesting resulls have been given for ihe injective and projectve lensor products

In [12] and [5] results for finite CO-dimensional subspaces of Banach spaces.

A relative projection constant of the closed subspace Y in the space X 15 said (o be exact if
and only if there is a projection P from X onla % al which the infimum of equation (1) is

attained.

A subspace Y of the space X is sald 1o be a hyperplane (maximal proper subspace) of the
space X if and only if X contains Y as a subspace of deficiency 1

Il is known thai & subspace ¥ is a hyperplane of the space X if and only if there is a
funeticnal
FeX® suchthat ¥ = £°'(0), see [2].

Let P be an operator on the space X. Then the point x in X 5 5aid to be maximal point of the
operator P if and only if |7 = |P(x)l T

If X is either of the Banach spaces /_the Banach space of all bounded scalar valued
functions {x_}, , on & countably Infinite set N or |, ihe Banach space of all scalar valued

P
x,| <= or & the closed

functions {x_ ], on a counlably infinite sel N such thal EL

subspace of the Banach space [_ of all convergent to zero sequances, hen the nomms on X
are defined as follows:

bl o= 5 —6)
o =2, i k=1,

Main result is given in the following theorem
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Theorem:{1}

Let f=6{£*‘_}:__ ef', n>2 be a sequence of the space /., where § is a non zero
scalar andg, = 1. Then the relative projection constant of the (n-1) dimensional subspace
ﬁ
¥ = f7({0}) in the space [T equals 2-~=. Moreover, the minimal norm projection is
i

given by

Jix)

Fo(X)m g ==t
11
Proof: Tha general formula of any projaction from X onto Y is given by
P=l - f@z for some ss{a, kg €X with f{z)=1.

The narm of the projection comesponding 1o the element 2 = {ﬂ,’k }:;. i5 given by

IPl=sup . |¢|"‘*;-fk|+|“km“||l‘|ka] ]
+|aktn—l]ﬁl — s [7)

Assume thal the minimal projaction is @ norm cna projacticn. Than there is = € -‘l and
|1—.£1ksk|++:xk|[n-l.]|ﬁ| 1 for every k=l 12,

Inthis case, we have

]-lﬁ::-kj+|crkkn-]:[|5| 21 for every k=], 2, ... n

] . .
‘iﬂﬂ":=|!|l'mt"t

TMrﬂm‘lla‘_[n-i]Iﬁl <0 for every k=1, 2, ... n for n>2. This is true only if

hl =0 Sor everyk=1, 2 .. n This is an abvious confradiction, {hus there is no nom 1
projection from [, onto Y.

Now, let x =[x, };., be an arbitrary point in the space /. Te project this point to the
point x” = {x; }i., in the space ¥ with a minimal available distant between the points
¥={x }i, and x" ={x/};_, . he sequencex” —x =[x, —x, }i, must ba paraliel to the

line passing throwgh I_,i",r }:‘, and perpendicular to the plane ¥, Thus there is a scalar A such
that x,-x=A4/On the other hand since x,eF, f(x,)=0, thus

0= f(x,)= f(x)+ A7F and s0 a=2LE i toliows wmat x, = x- L2 7. The

-

required projection Py from [T onto Y is defined by the formula
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. fix)
'FJ;I{'::{"'r }l-l.:lzru == : f
P

{Nole that the element z, comesponding to Py IS 2, = L and also IFL[ = ] -i .

|
Now we ane going 10 show that this projection is a minimal norm projection, Let us assume

the contrary, |.e., thers exists an elemant z &l such that f{z)=1 and the cormasponding

projection P satisfies i."-‘ﬂ 2= f—: , acconding to equation (7). we have

, =y (B)

- e e |- =

a |in-136 <2-

for every .ﬁ;efl, r N u},rmmwhlﬂnwegel Ia i I[H -1 <1- 2 )
"

then for such a z, wa have

|
e ZF] for at Retl 2l —= ()

multiplying the inaquality (9) by | £, || and summing with respect to k, we get

E:_I JSiJze| < 1. On the other hand the inequality 1 = ZI A SE_I |Fe e <1,
glves a contradiction, hence no such z exists, from which we concluded the proaf,

Example: The minimal norm projection of the subspace | = {f_ r=1{y, },'_, - Zy, - 'ﬂ'}

of the space [, is the projection given by

1 3
By )= ;[z:r, —x, =¥, 2%, —x - X, 2%, - X, ~x, | with nom ||F, | = T
Remark:
1- if there is a sequence f = {f, |, £, such that

i

1

1 = i
a=——sup, |17, -2l = =1, —{10)
e %A, -
then the relative projection constant A(Y, ¢,) of the subspace I' = f '(10%) in the space
P(x)= x-ﬂ# J and its norm aquals A{), ¢, ) =1 +—]- Sup ..,
2. The number ¢ that given in equation (10} is independent on the choice of the given f for
which ¥ = £"({0}). in fact. this is a consequence of the fact that for the hyperplane if

€ is exact. Moreover, the minimal nomm projeciion is glven by
n & I: -2 ;
T i, -]
¥ = f7({0}) = g ({0})). we have f = Ag for some scalar 4.
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inf’,
3- For any bounded sequence {f, |, , itis true that B 'l'r |£|ﬂa In fact.,
I
|n!‘,,,|_,r‘|= inf, , .fl -,;_. ; ]
S99l Jlte
i'“rﬂ_'ll-rﬂ'[[
- HJ

Al

L

||,I'"|| mf' ||f |5'UP'H 'l” "'IJF |]h:-:z |..|"| lfql}

|
= WNP~:IUniM|1 -"rnll {Zl ,|"||| |.

LS I : | 3 _
: LS -2l b -
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