:ﬁﬁ Copyright @ by Tanta University, Eqypt

hl Delta J. Sci. 2009, 33 16-25 T i

Strongly 0 -continuous mappings between
bitopological ordered spaces

A. A. Nouh'" M. E. EL-Shafei® and M. Abo-ELhamayel®

Department of Mathematics, Faculty of Science, Mansoura
University, 35516 Mansoura, Egypt

(Received: 5-9-2009)
ABSTRACT: This paper is devoted to introduce and study the notion of increasing and
decreasing pairwise strongly & -continuous mappings between bitopological ordered spaces.
Examples and counter examples are given.Some properties and characterizations of the

suggested are obtained. Relations between the new notions and corresponding concepts are
proved.

1. Introduction

The study of partially order relation in topological ordered spaces was initiated by
Nachbin in 1965 [8]. Nachbin's results were extended and generalized by several authors
[3.4,11]. The notion of bitopological ordered space was introduced by M. K. Singal and A. R.
Singal [12]. In [1,9,10], the work on bitopological ordered spaces was continued. A set equipped
with two topologies and a partially order relation is said to be a bitopological ordered space.

1. Preliminaries

We would like to remark in the context of the present paper that i, j € {1,2 }, i # j. Also, we
will use P to denote pairwise, bfo-space to denote bitopological ordered space and nbd to denote
neighborhood. Let (X, 7,,7,,2) be a bitopological ordered space. The closure and interior of

a subset A of X with respect to (w. r. t., for short) T; are denoted by 7;.c/(A) and 7,.int( A)
respectively.

Definition 2.1 [6]. A mapping f J (’X’Tl T2 )= (Y'A1 /—12) is said to be
(@) P-continuous if I X (4 is continuous, i=12
(b) p-open if f (X)) =>(Y.4) manen 15 L2
(C) P-closed if S Bp= (R is closed, i=1,2.

In the following, let Px denotes a partially order on a non-empty set X.

Definition 2.2 [8]. A subset A of X, where (X.p) is a partially ordered set is said to be
increasing (decreasing) if for all ¥ € A and X € X gych that apx(xpa) imply * € A
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Definition 2.3 [2]. A mapping f (X7, Px ) = (Y 4, Py ) is said to be increasing
(decreasing) mappmg if xle'xZ leads to f(xl )p}/ f(x2 )(f(xz )pr(xl ))'

Definton 2.4 [13]. A mapping 7 * (X+7:Px )= (Y.4,Py ) is said to be order embedding
#we have “1PX*2 i f(xy)py f(x3).

Definition 2.5 [12]. A bio-space (2 115¥25P) is said to be pairwise T2(PT2, tor short), iffor

all D€ X gich that 9P there exist an increasing ' _ open nbd U of a and a decreasing

A —
J open nbd V of b such that UﬂV—(ﬁ_

Definition 2.6 [12]. A bitopological ordered space { X*71:72:Px ) is said to be lower (uppen
pairwise strongly regular ordered if for each decreasing (increasing) & " closed subset F of X
and for all ¥ &F there exists an increasing (decreasing) Fi " open nbd U of x and a decreasing
(increasing) % ~open nbd V of F such that unv =¢. (X.71,72.Px ) is said to be

pairwise strongly regular (PSRZ > for short) if it is both lower and upper pairwise strongly
regular ordered.

Theorem 2.7 [12). A bitopological ordered space (X.71,72:Px ) is said to be pairwise
(PSR,

strongly regular for short) if for all X € X and for every increasing (decreasing)

%i ~ open nbd U of x, there exists an increasing (decreasing) / _open nbd U* of x such that

7,¢l(U")cU.

(X.71,72,Px ) be a bitopological ordered space, X €X and
). G..cl( A
The ¥ closure of A, denoted by ¥ (4)

0 .cl(A)___{x € X ” forevery ¥i ~open nbd U of
x7;.cl(U)NA#¢}
The 60" "~ interior of A, denoted by Bg.z'm‘(A)
Qg.int(A)={xEX3 by
7;.cl(U)c A},

3. Increasing and decreasing P.s. 0 -continuous mappings

Definition 2.8 [5]. Let
Ac X.

, is defined by :

, is defined by :

open nbd U of x such that

Definition 3.1. A mapping fi(X.r.15,p¢ ) > (Y44, py ) is said to be:
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Increasing P.s. 0 -continuous if for any increasing (decreasing) Af' _open nbd V of f(x)

(z;el(U)V

there exists an increasing (decreasing) i open nbd U of x such that f
all X€ X

Decreasing P.s. 6 -continuous if for any increasing (decreasing) A' ~ open nbd V of

s r.cl(U))cV
f(x) there exists a decreasing (increasing) & open nbd U of x such that f( J ( % ) —
forall X € X.

Definition 3.2. A mapping S Xr,15,px ) > (Y44, py) is said to be:

Increasing P. 6 -continuous if for any increasing (decreasing) Ai " open nbd V of f(x) there
exists an increasing (decreasing) '/ open nbd U of x such that
f(r;.el(U))c 4;.cl(V) Elas 8 o

Decreasing P.e -continuous if for any increasing (decreasing) Af ~ open nbd V of f(x) there

s 7..clU )e eV
exists a decreasing (increasing) 7 open nbd U of x such that gt J (U E J (V)
forall X € X.

Definition 3.3. A mapping fi(x, 71,72, Px ) = (Y,A;,Az,py) is said to be:
(a) Increasing P-continuous if corresponding to every increasing

(decreasing) 4 wopen nbd V of f(x), there exists an increasing

(decreasing) *i ~open nbd U of x such that fu)ev, for all
xXeX

(b) Decreasing P-continuous if corresponding to every increasing
(decreasing) A‘ “open nbd V of f(x), there exists a decreasing

(increasing) *# ~open nbd U of x such that f)ev, for all
xelX

Definition 3.4. An increasing (decreasing) mapping f (X715, px ) > (Y 4,4,.py)
is said to be increasing (decreasing) P-continuous, P-open and P-closed if it is P-continuous, P-

open and P-closed, respectively.
Itis easy to prove the following theorems.

Theorem 3,5. A mapping S (X175, px ) > (Y.4,,4,,py ) is

-1
Increasing (decreasing) P-continuous iff ‘8 (v is an increasing (decreasing) 5 " open

subset of X, for every increasing 4 " open subset V of Y.

gyt
Increasing (decreasing) P-continuous iff f (F) is an increasing (decreasing) 5 " closed

subset of X, for every increasing 4 " closed subset F of Y.
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Theorem 3.6. Every increasing (decreasing) P,s,e—continuous mapping is increasing

(decreasing) P-continuous.
The following example shows that the converse of the previous theorem is not true in general.

Counterexample 3.7. Let X={x x5} i ={X.0{x }{x2}}. 72 =
{X.0.{x; }and p={(x;,x;).(c3.%2 ).(x1. X2 )} | o Y={nwnta=

*
{Y;¢;{yj}}: AZ={Y3¢} andp ={(yf1yf)r(y2’yf)r (yz’y.?)} Define
the mapping f as f (xl) =Y, f ( xz) =Vt We find that f is increasing P-continuous but
not increasing P.s. 0 -continuous as f is not increasing P.s-continuous at o7 ;

Theorem 3.8. Every increasing (decreasing) P-continuous mapping.is increasing (decreasing)
P. 9 —continuous.

Proof . We are present the case of increasing and the other is similar. Let
f(X0,7,px ) > (Y41, 4.y ) be increasing P-continuous. Let * €X andV be

an increasing (decreasing) Af "~ open nbd of f(x). Then by increasing P-continuity of f, there

exists an increasing (decreasing) & " open nbd U of x such that f (U) cV. Now, we have

fU)evedpcw). _  UcffU)Sf(4;cV)).
2, (U)c f7(4;.cl(V)) . f(z;cl(U))c 4;cl(V).

P. 0 -continuous.

Therefore

Hence f is increasing

The following counterexample shows that the converse of the previous theorem is not true in

general.
Counterexample 3.9. LetX % {a’b} =l L (a’a)' (a,b), (b,b)} = p*’
n={X.pia} T ={X.b(b}), A={X.BLal{b} g H={X0] e

ind tat S (XT052.0) > 4,4,0 ), ik is defined as f(x)=x 1 a

xeX is an increasing P.B-continuous but not increasing P-continuous as not increasing P-
continuous at b.

Now, we have the following diagram.

inc P.s.0 —cont.= inc P—cont.= inc P.6—cont.

Dually,
dec P.s.0 —cont.= dec P—cont.= dec P.6—cont.
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where inc (dec) P-8:0 — cont. means an increasing (decreasing) pairwise 5-¢ — continuous and
A = B genotes A implies B but not conversely.

Although the converse of Theorems 3.6 and 3.8 is not true, we have the following results.
Theorem 3.10. Every increasing (decreasing) P-continuous mapping from a PSR2-ordered space
into any bitopological ordered space is increasing (decreasing) P.s. 0 -continuous.

Proof . Let fAXnn,px) >4, 4,py) be an increasing P- continuous mapping
and (X.71,72,px ) be PSR2-ordered space. Let X€X and V be an increasing
(decreasing) Af Lopen nbd of f(x). As f is increasing P-continuous, there exists an increasing

(decreasing) LT " open nbd U of x such that fu)cy. Also, as (X7 72:Px ) is PSR2

—ordered space, there exists an increasing (decreasing) b “open nbd U* of x such that

7, e(U”)cU f(z;el(U" ) f(U)cV

" Therefore " Hence f is increasing P.s. 0.

continuous.
Analogously, we can prove the case of decreasing mapping.

Theorem 3.11. Every increasing (decreasing) P.g-continuous mapping from an arbitrary
bitopological ordered space into PSR2 — ordered space is increasing (decreasing) P-continuous.

Proof . We are present the case of increasing and the other is similar. Let
S (X100, px ) > (X414, py) be an increasing P. 6 _continuous and Y be PSR2-
ordered space. Let X € X and V be an increasing (decreasing) Aﬂ' Eopen nbd of f(x). As Y is

PSR2-ordered space, then there exists an increasing (decreasing) A’ " open nbd V* of f(x) such

Vic AV )cV.

T

that By increasing P. e-r:.ontinuft:,f of f, there exists an increasing

(decreasing) " open nbd U of x such that

f(rpel(U)c Ayel(V). o
FU)S f(z;eU) c 4;l(V" )V,

increasing P-continuous.

Therefore f (U) QV' Hence f s

Definition 3.12. Let (X.71,75,px ) be a bitopological ordered space, X € X and AcX.
1
6, cl(A4), o

An increasing 6’,}. ~ closure of A, denoted by
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defined by :
g, = : i
i cl(4)={xeX for every increasing %i ~ open nbd U of x,
T,cl(U)NA=¢}.
D
" 2. elld)
A decreasing o closure of A, denoted by ¥ (4 is
defined by :
6..D,C Aif= eX: Ji
ij I(A4)={x for every decreasing Ui 7 OPM gy of x,
7, cl(U)NA*¢}.

g.. —
(c) A set A is said to be increasing (decreasing) U closed if A=

g, cl(4)(A4=6;" cl(4))

Definition 3.13. Let (X.71.72.Px ) be a bitopological ordered space, X € X ang A X.
1.
6. — G, .int( A),
(a) Anincreasing Y interior of A, denoted by y (4) is defined by :

Bgl.int(A)={x€X'

" there exists an increasing

i z.cltl)c A
7 open nbd U of x, 7 (U)c

g Hf-D.z'nt(A), _
(b) Adecreasing 7  interior of A, denoted by 7 is
defined by :

6,°.int(d)={xeX :

" there exists a decreasing

i~ open nbd U of , ejel(Uc4;.

G.. —
(c) A set A is said to be increasing (decreasing) Y open if A=
1= D
Oy .int(A4)(A=0;" .int(4)).
Now, we introduce some characterizations of Ps.0 — continuity.

Definition 3.14. In a bitopological ordered space (X,71,72.Px )  the point X € X s said to

be an increasing (decreasing) Y "~ cluster point of A if each increasing (decreasing) " " open

nbd of x intersects A.
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Theorem 3.15. For any mapping I/ (X,T],Tz,pX)ﬁ(KA;,Ag,py) , the following
statements are equivalent :

(a) fis increasing P-S-8 —continuous.

(b) The inverse image of an increasing (decreasing) Ai " closed set is increasing (decreasing)
¥ closed.

(c) The inverse image of an increasing (decreasing) A ~ open set is increasing (decreasing)
i Hopen.

Proof, (@)= (b) Let F be an increasing Ai " closed subset of Y and A% f_l(F)' Then

f(x) € r, and so there exists an increasing Ai Lopen nbd V of f(x) such that Vﬂ = é

i 7,cl(U))cV.
By (a), there exists an increasing i open nbd U of x such that f( J ( ) ) e Hence

f(r, dUINF =4, o TN (F)=g
€0y (). L Ouef N Fyc ),
FAE)S O c(f Y, feF)

(6) = (c) Let U be an increasing 4 ~ open subset of Y. Then Y\U is a decreasing 4 " closed

This implies that

3 4 A=
Is increasing ¥ closed.

-1
subset of ) i By (b), f (YHU) is decreasing 9” closed. Now,
X\ 0 )=
—1 bt -1
f (Y\U) is decreasing 95 closed. Hence f (U) is increasing
i —Open
(€)= (a) Let X€ X and V be an increasing A " open subset of Y such that f(x)eV.

-1 e -1
By (c), f (V) is an increasing 99' open and xef (V) * Then there exists an
et TUIS V).

increasing '’ “open nbd U of «x such Hence
f(?}- 'CZ(U)) & 'ﬁr—](V) = Therefore f is increasing P.s.9 -continuous.

Theorem 3.16. For an onto increasing P. 6 -continuous mapping
PRtz py ) =T s 50 ) f(67 cl(4)) < 0F cl( f(4))

1

J(Opel(4)) < Gcl(f(4)).

for every subset A of X.
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i
2

Theorem 4.1, Let X € | L-TOP | be an extremally predisconnected . Then A € L* is preciopen
ifand only if A is a regular preopen L-setin X .
Proof. Necessity . It follows from Thoerem 3.3.

Sufficiency . Since X is an extremally predisconnected and A is a regular preopen L-
set in X , then A is preopen and so pCl (A) is a preopen L-set in X . Hence
A =pint(pCl A)=pCl A which impliesthat 1 is a preclosed L-setin X..

Theorem 4.2. Let X € | L-TOP | be an extremally predisconnected . For A e L*, the following
statements are equivalent :

(i) A isapreclopen L-setin X ;

(i) A =pCl(pint 1);

(i) A'is a regular preopen L-setin X ;
(iv) A is a regular preopen L-setin X .

Proof. (i)=> (ii) is cbvious .

(i) = (iii) . Let A = pCl (pInt A) . Then A'= (pCl pint A) = pint ( pint A ) =pintpCl 4'.
Hence A'is a regular preopen L-set in X.

(iii)y =>(iv) . From Theorem 4.1, A'is a preopen and preclosed L-set in X. Hence 4 is a

preopen and preclosed L-set in X . Therefore A = pint pCl A and hence A is a regular
preopen L-setin X .
(iv) = (i) . It follows from Theorem 4.1.

Theorem 4.3. Let X € | L-TOP | be an extremally predisconnected . Then for A € AT - )

(resp. PCI A ) is a regular preopen L-set in X if and only if Ais a preopen L-setin X .

Proof. Necessity. It follows from Theorem 3.4. '
Sufficiency. Let A be a preopen L-set in X . Then Cl / is a preopen L-set in X and

hence preclopen . Thus CI A is a regular preopen L-setin X

Corollary 4.1. Let X € | L-TOP | be an extremally predisconnected . Then for A € L* , the
L-sets Ci (Int A), Cl (pint A ), pCl(Int ) and pCl (pint A ) are regular preopen L-setsin X .
Theorem 4.4. Let X € | L-TOP | be an extremally predisconnected . If Ae LX is either a
regular open or a regular closed L-set, then A is a regular preopen L-set in X .

Proof. If A is regular open , then 1 =/ntC/ A . Now

A =IntCl A =IntCl(pCl A ) 2pintpCl A .
Also

pint pCl A Zpint(ClInt A) 2 IntCi (int A)
=intCl A=A .
Thus A= pint pCl A implies A is a regular preopen L-set .
Similarly if A is regular closed , then 4= Clint A , and we have
A=Clint A=pCl(Clint A) ZpintpCI(ClInt A)
= pint pCl A .
Also :
' pint pCl A = pint pCI ( Clint A ) Zpint pCl(Int A )
=pCl(int A) = Clint(Int 1)
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Theorem 4.2, If (Y, 4,4,py)is PT,-ordered space and
fi(Xont,px ) > (Y, 4,4,py)is PsO-continuous and order embedding

mapping, then (X,T,,T,,px) is PT | -ordered space.
15
.

Proof. Let x;,X; € X such that x; p yX5. Since f is order embedding mapping, then

f(x )E},f(xz ). since (Y, 4,4, py)is PT-ordered space, then there exist an
increasing A; —opennbd U" of f(x, ) and a decreasing A; —open nbd V™ of Jlxs)

* *
suchthat U (17 =¢. Now, by P.s. 0 -continuity of . there exist an increasing T; —open

nbd U of x, and a decreasing 7; —open nbd V of X, such that f(7;.cl(U))c U and

f(riel(V)SV™. Tretore  f(7;cl(U)N f(ticl(V))=¢ and so
7;c(U)N1,.cl(V)=¢. Hence (X,7,75,px ) is PT2| -ordered space.

=

Theorem 4.3. The composition of an increasing (decreasing) P.s. O -continuous mapping and an

increasing (decreasing) P- continuous mapping is increasing (decreasing) P.s-continuous .

Proof. Let [ :(X,7),75,px )= (Y, A,A,py) be increasing (decreasing) P.s.0-
continuous and g (Y, A4, ,py)—> (Z,y7,7>,P,) be increasing (decreasing) P-
continuous. Let V be an increasing (decreasing) Y; — Open subset of Z. As g is increasing P-
continuous then g_] (V') is an increasing (decreasing) 4; — open subset of Y. Now, as fis an
increasing  P.s. O -continuous mapping, then by Theorem 3.15, we have
g (V) =(gof ) (V) is an increasing (decreasing) 0, — open subset of X. Hence

go (X, 1,75, py )= (Z.,y1.72, Py ) is anincreasing P.s. B -continuous.
By duality, one can prove the theorem in case of decreasing mapping.

2

Theorem 4.4. The PT | -ordered axiom is inverse invariant under P. 0 -continuous and order
2

embedding mapping.

Proof. Let f : (X,7,,75, 05 )= (7, 4,4, py ) be P.O -continuous and order
embedding mapping from a bitopological ordered space (X, 71,7, 0y ) intoa PT ;-
D=
2

ordered space (Y, 4,4y, py ). Let x,x, € X suchthat X; p , X,. Then

filx )Erf(xz ). Since (Y, 4,4, py ) is PTZI , then there exist an increasing
2
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A; — opennbd ¥, of f(x|) and a decreasing A; —open nbd ¥, of f(x; ) such that
A;cl(Vy) N A4.cl(V,)=¢.By P.O - continuity of f, there exist an increasing

T; —open nbd U1 of X; and a decreasing rj — open nbd U2 of X, such that
f(Tj.cl(Ul J))c A;.cl(V;) and f(r;.cl(Ujy)) < 4;cl(V; ). Therefore
f(r;el(Uy ) f(7,¢l(U, ) = ¢ and so rj.cl(Ul)ﬂrf.cl(Uz) = ¢. Hence

(X,71,75,px ) is PTzl-ordered space.
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