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ABSTRACT: In this paper , we introduce the notions of regular preopen L-sets and extremally
predisconnectedness in L-topological space and investigate some of their properties and
characterizations .
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1. Introduction

In I-topological spaces , the notion of preopen I-sets were introduced and investigated by Bin
Shahna [2] . Our primary goal is to introduce and investigate the notions of regular preopen L-
sets and extremally predisconnectedness in L-topological spaces and give some of their
properties and characterizations .

2. Preliminaries

The category DMRG [5] comprises all complete lattices having an order — reversing
involution (') or De Morgan complementation , called complete De Morgan lattices ( or algebras )
, and morphisms preserving arbitrary joins and all involutes and hence arbitrary meets.

We know that the lattice L is in | DMRG| . Thus from now on , let L € | DMRG | and satisfies
the first infinite distributive law . For every AcC L, the De Morgan laws hold:
(vA)=n{a':acA}and (AA)=v {a':a€A}.

The category SET comprises all sets and functions between sets . For X €| SET | ,
L * denotes the set of all mappings from X to L . Then (L™ , < )is a complete lattice and has a
quasi — complementation (') [4] . Thatis L* e | DMRG]| . Thus De Morgan laws are inherited by
(LN )

Amember A€ L¥iscalled L—setin X . For 1, e L*, A<y inL* ifand only if A (x)
Su(x) inL, foreach xe X[4] .

In an obvious way L-topological spaces and L-continuous functions [4] form a topological
category and denoted by L-TOP [5] .

Definition 2.1 [1]. Let X € | L-TOP |. Then A € L iscalled
(i) Regular open ( resp. regular closed )if A=IntCl A (resp. A =Clint 1 );

(i) Semiopen ( resp. semiclosed )if A < Clint A (resp.IntCl A < 4 ).

Definition 2.2 [2]. Let X € |L-TOP|.Then ue L* is called
() Preopen (resp. preclosed )if u < Int Cl pu (resp. Clint u < u ),
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(i) a-open (resp. @ -closed)if u < IntCl Int u (resp. ClintCl u < H).

Definition 2.3 [6]. Let X € | L-TOP |and let A € L* . The L-sets
pint A= v { pet*: K= A and u is preopen }
pCIA =A{pe L™ A<y and u is preciosed }
are called the preinterior and the preclosure of A4 respectively .

Obviously pint / is the greatest preopen L-set contained in A and pCl A is the smallest
preclosed L-set containing A . Alsowehave Int A <pint A <A1 and A<pCIA<ClA.

Lemma 2.1[6]. For X € | L-TOP |andlet A e L,
(i) (pint A1) =pCl A":

(ii) (pCl A ) =pInt A" .

Lemma2.2. ForX € |L-TOP |and ue L*
(i) Intpint pe=Int p , ClpCl u =Clu ;

(i) pint u < IntCi u;

(iii)ClInt 12 < pCl .
Proof. It follows from the fact that pint 11 (resp. pCl 42 ) is a preopen ( resp. preclosed ) L-set in X.

3. Regular preopen L-sets .

Definition 3.1. Let X € [L-TOP |. Then A€ L* is called
(i) Regular preopen if A= pintpCl A ;

(ii) Regular preclosed if A = pClpint A .

It is clear that a regular preopen (resp. regular preclosed) L-set is a preopen (resp. preclosed)
L-set .

Theorem 3.1. Let X € | L-TOP |. Then A€ L™ is regular preopen if and only if A'is regular
preclosed . :

Proof. It follows from Lemma 2.1.

Theorem 3.2. For X € | L-TOP |,

(7) The preclosure of a preopen L-set is a regular preclosed L-set ;

(i) The preinterior of a preclosed L-set is a reqular preopen L-set .

Proof. We prove only (i) . Let 2 be a preopen L-set in X . Then p/nt pCl A < pCl A and pCl
pintpCl A < pCl A . Now A is a preopen L-set implies that A < pint pCI A and hence pCI A
< pClpint pCl A . Thus pCl A is a regular preclosed L-set .

Theorem 3.3. Let X € |L-TOP |. If A€ L™ ispreciopen, then A is a regular preopen L-set in
X

Proof. If A is preclopen L-setin X, then A =pint 2 and A =pCl A, therefore we have A =
pint (pCl A ). Hence A is a regular preopen L-set in X .
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Theorem 3.4. Let X € | L-TOP |and A& L™ such that Cl A ( resp. pCl A ) is a preopen L-set
in X . Then A is a preopen L-setin X.

Proof. Suppose that C/ A is a preopen L-setin X . Then we have A < CI/ A < Int CI(Cl A)= Int
Cl A . Hence A is a preopen L-set in X .

Corollary 3.1. Let X € | L-TOP | and A€ L™ such that CI A ( resp. pCl A ) is a regular
preopen L-set in X. Then A is a preopen L-setin X .

Theorem 3.5. Let X € | L-TOP | . Then Ae L* is a -open and regular preopen L-set in X if
andonly if A= IntClIntA .
Proof. Necessity . Let 4 be an «-open and regular preopen L-set in X , then
A< IntClint A and A =pintpCl A . Now
A =pintpCL A 2 pint(Clint A ) > IntClint A .
Hence A =IntClint A .
Sufficiency . Let A =Int Clint A ,then obviously A is an & -open . Now
A =IntClint A < IntpCl A < pintpCl A .
Also
pintpCl A < IntCI(pCl A)=IntCl A

=IntCl (IntClint A )

S IntCI(Clint 1)

=intClint A = A .
Hence A =pintpCl A i.e. A is a regular preopen L-set .

Theorem 3.6. Let X€ |L-TOP |.Then A e L™ is regular preopen and semiopen  L-setin X if
and only if A is a regular open L-set in X .
Proof. Necessity. Suppose that /1 is a regular preopen and semiopen L-set in X . Then A
=pintpCl A and A < Clint A . So we have
A =pintpCl A < IntCI(pCl A)=IntCl A .
Also
A =pintpCl A = pint( ClInt A )
> Int(Clint 1)
Int CI(Clint 4)
Zpt CI' A .

Thus A = Int Cl A implies A is a regular open L-set .

Sufficiency. Suppose A s regular open , then A = Int Cl A =Int ClInt A and the result
follows immediately from Theorem 3.5.

no

Corollary 3.1. Let X € | L-TOP|. Then A € L* is regular preopen and semiclosed L-set in
Xifand only if A is a regular closed L-set in X .

4. Extremally predisconnected spaces .

Definition 4.1. An X € | L-TOP | is said to be extremally predisconnected if for all preopen L-sets
Ain X, pCI(A)is a preopen L-setin X .
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Theorem 4.1. Let X € | L-TOP | be an extremally predisconnected . Then A € L is preclopen
ifand only if A is a regular preopen L-set in X .
Proof. Necessity . It follows from Thoerem 3.3.

Sufficiency . Since X is an extremally predisconnected and A is a regular preopen L-
set in X , then A is preopen and so pC/ (A1) is a preopen L-set in X . Hence
A =pint(pCl A)=pCl A which implies that A is a preclosed L-setin X .

Theorem 4.2. Let X € | L-TOP | be an extremally predisconnected . For A € L* , the following
statements are equivalent :
(i) A isapreclopen L-setin X ;

(i) A =pCl(pint A);
(i) A'is aregular preopen L-setin X ;
(iv) A is a regular preopen L-setin X .

Proof. (i)=> (ii) is obvious .

(i) = (iii) . Let A = pCl (pint A).Then A'= (pClpint A) = pint ( pint A ) =pint pCl A" .
Hence A'is a regular preopen L-setin X .

(iii) = (iv) . From Theorem 4.1, A'is a preopen and preclosed L-set in X . Hence A isa

preopen and preclosed L-set in X . Therefore 4 = pint pCl 4 and hence A is a regular
preopen L-set in X .
(iv) = (i) . It follows from Theorem 4.1.

Theorem 4.3. Let X € | L-TOP | be an extremally predisconnected . Then for A € LRserR
(resp. PCI A) is a regular preopen L-set in X if and only if A is a preopen L-set in X .
Proof. Necessity. It follows from Theorem 3.4.

Sufficiency. Let A be a preopen L-set in X . Then Cl A is a preopen L-set in X and
hence preclopen . Thus C/ A is a regular preopen L-set in X .

Corollary 4.1. Let X € | L-TOP | be an extremally predisconnected . Then for A € L X the
L-sets Cl (Int 1), Cl(pint A ), pCl(Int A)and pCl (pint A ) are regular preopen L-sets in X .

Theorem 4.4. Let X € | L-TOP | be an extremally predisconnected . If A € L™ is either a
regular open or a regular closed L-set, then A is a regular preopen L-set in X .
Proof. If A is regularopen, then 4 =intCl A . Now
A =IntCl A =IntCl{(pCl A ) =pintpCl A .
Also
pint pCl A >pint (ClInt A) > Int CI ( Int A)
=intCl A=4 .
Thus A= pint pCl A implies A is a regular preopen L-set .
Similarly if A is regular closed , then A= ClInt A , and we have
A=ClInt A=pCl(Clint A) =pint pCl (ClInt A)
= pint pCl / .
Also
pintpCl A =pintpCI(Clint A ) ZpintpCI(Int A)
=pCl(Int A) = Clint(Int A)
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=Clint A=4 .
Hence A =pint pCl A and A is a regular preopen L-set in X .
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