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Abstract: In this paper a new concept of convexity approximation for non convex set and nonconvex
function with respect to family of convex sets and to family of convex function respectively is presented.
This approximation of convexity is called rough convexity. Some properties of these kind of sets and

functions are discussed.
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1 -Introduction

The concept of convexity of sets and functions plays
an important role in the field of mathematical
programming. The convexity ensure the globality of
solutions. In real life problems the convexity maybe
not satisfied, so the objective function or the
constraints or both may not be convex that pushes the
researchers to relax non convexity of sets and
functions to what is called generalized convexity such
as, quasi, pseudo, E-convexity.

Recently E.A.Youness [ 3 ] discussed an optimization
problem that involves roughness notion in the
constraint set. Also Fang D., [ 6 ] presented rough
approximation of non convex set.

In this paper the rough approximation non convex set
and non convex function in terms of family of convex
sets and family of convex functions , are presented
and some their properties are discussed.

2 - Rough convex set

Definition 2.1 : Let X be anuniversal set, F bea
family of non-disjoint convex sets

FZ{AI,AZ,...,An} ,BcX and o(x,y) is

a space of segments between x and y in B. B is called
rough convex with respect to family F if for each
n

x,y €B, o(x,y) either contained in ﬂAi
i=l

or (1A, # ¢ foratleastonei.

The Lower convexity of B is:

L(Conv):{O'(x,y):a(x,y)cﬁAi ,O'(x,y)cB}

i=1

and
The upper convexity of B is:
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U(Conv) = {O'(x,y) co(x, )N A, # ¢ for at least one i }

The following figures show the rough convexity of a
set B with respect to a family of a convex sets.
In figure (2 - 1) and figure(2 - 2) the sets B and B'
are rough convex with respect to 4,,4, and 4, ,but
in figure (2 - 3) and figure (2 - 4) the sets B" and B"
are non rough convex with respect to them.

Figure ( 2-4 )

Example 2.1 : Consider a universal
X ={ (x.y)eR’:3<x<3 , -3<y<3 }

and family F :

A ={(x,y)eR*:(x) +(y +1)’ <2}
F=34,={(x,y)eR*:(x =1)’ +(y =1)> <3}
A, ={(x,y)eR”:(x +1)’ +(y —1)* <3}

A set

B:{(x,y)eRz:yZ%xz, yS‘O.Sx‘+1 , —2<x<2 }

is rough convex with respect to F with:
Lower convexity of

3
L={0:0'=ix+(1—/1)y,Oéﬂélx,yeﬂA,}

i=1

And

upper convexity
U={oc:oc=Ax +(1-1)y ,0<A<1x,y €B},

see Figure (2-5).

Figure (2-5)

Remark 2.1 :.If L(conv) = U(conv) of the set B
,with respect to the family

F={4,4,,...4,}

,then the set B is

completely convex and hence B ﬂAi .

i=1

A convex set is rough convex with respect to
itself and its L(conv) = its U(conv)

Theorem 2.1 : If B is a roughly convex with

respect to a family of convex sets
A4,,i=123,.,n, then B'=f(B) is a
roughly

convex with respect to family C, ,i =1,2,3,....n

suchthat f(x.,)=x,, Fa,x., €C, where
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x,e€C, ,x,, €A, ,and B' isthe image of

i

B(ie: f(B)=B").

Proof: B is roughly convex with respect to 4.,
o)

o(x,y) (W,
i=1

all x,y €B

or o(x,y)N4, ¢ , for

uppose X, €B’
thus, /" (x, ) =x ,

and

=f(B) , xayEUCi
ta f(yc,)zyA,."'a >

(¥ sy )= A% + A=A ye,
=Ax,; +a|+1-D[y,, +a]
=0(x, .y )+a

So,

G(xc,,yc‘)C(n)Ci or o(x¢ .,y )NC, =

. Hence B =f (B) is roughly convex with respect
toC,

1

Theorem 2.2 : If B — X isaroughly convex
with respect to a family of convex sets

A4, ,i=123,..,n Let f:X - X beamap
such that f(4,)=4,,i,j €{l,2,3,.....,n}
then , B =f(B) is a roughly convex with
respect to

family 4, .

Proof The proof is clear, since for

x,y 'e B ',then there exist X,y € B such that

Ax4(1=2)y "=4f ) +A-f )[4,

i=1

or [Af (x)+(1-D)f(y)]N 4 . #¢ , for some i

Example 2.2 : Consider the following two
families of convex sets,
A :{AI,AZ,A3}CX CR and

C :{ C.C,.C, },and the relation between

the two families is given by the following

f:4, — C, such that
f,y)=(x~-6,y-2)

X ={(x,y)eR2:—4£x <9,-4<y SS}

A ={0x,y):(x + 1) +(y +1)* <4
A=34,={(x,y):(x)+( -1 <2
Ay ={(x,p):(x =D+ (y )" <3
The set
B={x,y eR?:5(x =03)*-1, [0.5(x —0.3)|+0.7 ,
is rough convex with respect to A
Cr={(x,y):(x =5 +(y ~1)* <4
C={C,={(x,y):(x —6)"+(y =3)* <2}
Cy={(x,y):(x =7 +(y =2)" <3}
and the set

B'={x,y eR7:5(x —6.3)" +1, [0.5(x —6.3)|+2.7 , 5.66<x <6.94
is rough convex with respect to C,See Figure(2-6).

-034<x <094 }

Figure (2-6 ).
Theorem 2.3 : Let X be an universal set ,

F:{AI,AZ,...,An}

subsets

is a family of convex

of X If B and B' are roughly convex with
respect to F={A1,A2,...,An} , then

1. BB' isarough convex with respectto a
family F.

2. BUB' is not necessarily to be a rough
convex with respect to a family F .

Proof':

1. Let x,y eBMNB' = x,yeB and
x,y eB".
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Assume o(x,y ) the segment whose ends Figure (2-8)

x and y . LU(C0'1)={O"(X,y)io'(X,y)C[jA‘ ,o(x,y)eB UB'}
From the roughly convexity of B and B' with U (Con)= {G(X )i,y m[hf" j ¢, for at least one ,}

respect to F Z{Al,Az,...,An}. see Figure (2-9) B

we have

o(x,y)cN4, or o(x,y)NA, #¢,forat
least one 1.

So, BB isrough convexity with respect to

a family of convex sets.

2.Let x,y eBUB"', »
BUBRB
So may Figure (2-9)
x,y€B ,x,yeB'or x,y BB Preposition 2.1 : Let X be an universal set ,and
Thus B and B' are roughly convex with respect to a
o(x,y)cW, or o(x,y)(14, # ¢, for at least onei family of convex sets F = {AI,AZ,...,An J.
= BUB"' isrough convexity but, If ¥ € B and then the following properties are satisfying

y € B implies that B UB "' does not necessarily 1. Intersection properties

contain O ,see Figure (2-7)
‘ L(conv)yn, < L(conv), U L(conv),,

( always true) .
U(conv) gy < U(conv), O U (conv),,

( always true) .

2. Union properties

Figure (2-7)
Remark 2.2 : L(conv) gz D L(conv), , L(conv),

The lower and upper approximation of (always true )

convexity for intersection and union of two roughly

convex sets B and B' given as: U(conv)BUB' D U(conv)y ,U(conv),

Lﬂ<con)={a(x,y);a(x,y)c hA, o(x.v)eB ﬂB’} ( not always true ).

. Proof :
U m(Cnn):{o'(x,y):U(x,y)f‘][ﬂA,j¢ ¢ , for at least onei}
) ! 1. Intuitively
see Figure (2-8) BNB'c BandB NB 'c B
X = Universal Set
If

o(x,y)cBNB' =>o(x,y)cB and o(x,y)cB'

So, L(conv)yn, <L(conv), UL(conv),,

and

U (conv )zn, < U (conv), WU (conv ),

BB 2. Since BUB'D>BandBUB'DB'
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If
o(x,y)cB , o(x,y)cB' or o(x,y)cB\B' then

o(x,y)cBUB'

So,

L(conv ),z 2 L(conv), and L(conv),.
U(conv) g, 2 U(conv), and U(conv),
But

U (conv )y 5. DU (conv ), and U (conv ),
is not mnecessary to be true when
xeB and y eB'.

3 - Rough Supporting Hyperplane

Definition 3.1 : Let X be an universal setin R"
,B is a rough convex set with respect to family

of convex sets Sz{Al,Az,...,An} ,
H ={ﬁ1,ﬁ2,ﬁ3}c}h is the set of all

supporting hyperplanes of the family .Consider
the following three classes :

gy H is supporting for at least one
" |7 of the familyand H N B =¢

g2 H is supporting for at least one of the
i " familyand H N B #¢ at one point

- H is supporting for at least one of the famil
i = { " upporting y }

“and H N B #¢ at least one point

Each element he€H C K is called rough
supporting of B, if His aroughset in Hr .
Upper Supporting approximation:

U, ={ H :H issupporting for at least one , of familyand H NB # ¢ }

, see Figure (3-1).

Lower Supporting approximation:

L, = { H : H is supporting for at least one , of family and H NB = qo}

, see Figure (3-2).

}

Figure (3-1) Figure (3-2)
4 - Rough Convexity of a Function
Definition 4.1 : Let
I={,:B—>R,i=L2,.,k f,(x) convex}
be a family of convex functions , f (x ) is called

rough convex on a convex set B C R" with
respectto 3, if foreach x,y € B , there exist
f,(x),f,(x)e I ,such that

S (Ax +(1=4)y) < Af,)+(1A=Af, () , 0<4<I
The upper convexity of f is denoted by U (conv f)

and is defined as

U(convf):{fl. €3I fi(@>f(@,zelx+(1-A)y i €fl,.... ,k}}

The lower convexity of f is denoted by L (conv 1)

and is defined as

L(convf)={/'l. e3ifi(@ < f(@,zedx+(1-A)y .i e{l,.....,k}}
It is clear that for each f, € L(conv ),
impliesf, (x ) <f,(x)eU (conv ).

Rough concavity it is defined in similar way by
reversing the sign < to > J.e:

fAx+(1=2)y) 2 Af,(x)+A-A)f,(y) , 0<4<1
Examples 4.1 :
Let

)= 42 L fi)=26 6 4
A =x=2 |, f,0)=e " 420, f£.(x)=x>+16

be a family of convex function defined on

B =[0,5]. The function

f (X):;*x3—x2—x +15 bearough convex

function on B with respect to a family of convex

. < . .
functions ~' . and its upper and lower convexity
are

Ulconv f)={f,(x).fs(x) }
Liconv f)={f,(x).f5(x)}
, see Figure (4-1)
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fi(z) =2® +16

fiz)=¢"+20

[

A = (~121,14.16) -
o) =2"=2

(z) = 2" — 6z +4

2
54

flz)=1/32" -2’ -z +15

Figure (4-1)

In the following, the characterization of rough
convexity of a function , in terms of rough
convexity of its level set and its epigragh , is
discussed .

5 - Rough Epigraph

Definition 5.1 : Let £, be an epigraph of a
convex function f, , let / be a rough convex
with respect to the family f, .An epigraph of f
is denoted by

E, and is defined as : E, ={(x,a):f(x)§a}.
Theorem 5.1 : If f is a rough convex with
respect to f, .then E, is rough convex set with

espectto E, .
Proof: Assume (x,,y,)and(x,,y,)e E,
ie.,

Fx)<y L f(x)<y,

Since f is rough convex with respect to family 3,
so, there exist f,,f, € 3 such that

then(/lxl +(1=A)x,), (W, + (=) y,) € E/(f)

Similarly
(Ax; + (1= A)x,), (A, + A= A)y,) € E,(f,)
which implies

{(Ax, +(1=A)x ), Ay, +(A=-Dy ) NE, #¢
for at least one 1.

Thus the rough convexity of E(f') on the other
hand, if f, orf, €U (conv f"), then for

(x1,y) (X33, €E(f), we get
(x1,¥), (X5, 3,) € E(f).

Since f, is convex

(Ax +(1=Dx,), (Ay +(A=-D)y,) € E (f)),
ie., f,(Ax,+(1-A)x,) <Ay, +1-2)y,.
Thus
f,€U(conv ) implies to
f(/lxl+(1_Z)x2)£f1(ﬂx1+(1_ﬂ)x2).

<Ay +1=A)y,
Hence the result .
Lemma 5.1 : Let S be a nonempty convex set subset

in R" ,let f,,f, be rough convex with respect to

family of convex functions
I={f{x):R" >R ,i=12,.,n} If J is
closed under addition then [ (x)+f,(x) is rough

convex.

Proof: Let

gx)=fi(x)+f,(x)

f(Ax, +(1=)x,) <A, (x )+ (1= A)f, (x,), A €[0,1] f1(x).f,(x) are rough convex that means, for

Iff, and f, arein L(conv f ), then

f1x)<f(x)<y, and
f,(x,)<f (x,)<y, . Therefore,
fAx, +(1=Dx,)< Ay, +(1-A)y,.

Since f, and f, are convex, so if

Si(x)<fi(x) <y,

each x,x,€S,0SA<1 , there exist
[, X).f,(X).f,(X),f, (x)€I suchthat:

z=Ax,+(1-A)x,eS§,0<4<1
rough convexity of f(x) and f,(x) ,We have

fi(2) < Af, () + (A=) f,(x,)
and  f,(z) < Af,(x)+A=2)f, (x,)

which implies

and from
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g@)=(f +/,)z)=/1(z) +£,(2)
<A, ) +A=A) () + A4S, (k) +A=A), (x5)

= ﬂ’[ft(xl)+fn(‘xl)]+(l_ﬂ’)[fl('x2)+fm (xz)]

Ay (x )+ (A =A)f, (x,), where
fk:f;—'—fn ’ fr:f;—'—f;n

From closeness of Junder addition, f o, €.

Hence the result.

corollary 5.1 : Let S be a nonempty convex set
subsetin R" ,let f,(x) be rough convex and

f5(x) be rough concave with respect to family of
convex functions
I={.:R" >R ,i=12,.,n} .Then

fi(x)—=f,(x) isrough convex.

Proof: The proof immediately yields from lemma 5.1

6 - Level set

Definition 6.1 : Let S be a nonempty convex set
subset in R" . Let f :S — R be a rough convex
with respect to family

I={f,:R" >R ,i=12,.,n}. Alevel set of
f (x) isdefinedas S, ={x es :f(x)Sa},itis
that

of convex functions

clear where

S{ICUSa’ >
S, ={x ecS ;fi(x)gai}.seeFigure(&l)

Figure ( 6-1)
Theorem 6.2 : Let f be a rough convex with

respect to family convex functions

I={f,:R" >R ,i=12,.,n} . Assume

S, 1s the level set of f,. A level set S, of

at

f is rough convex with respect to S,

a=maxc, .

1

Proof: Since S, cUS,

x,yeUS, thenx ,y maybein (S,
which implies Ax +(1-4)y <1S,,

Thus f,(Ax +(1-A)y)<e, <«

since f is rough convex , there exist f
and f, ,such that

JAx +(A=Dy)<Af, )+ (1=, (v) <Ay +(1-Da, <

On the other
x,yeNs, ,x,yelUs, ,

hand ,

{Ax +(1—/1)y}ﬂSa‘ # ¢ for at least one i .

In this paper the definition of rough

convexity of set with respect to a family of
convex sets ,and rough convexity of function
with respect to a family of convex functions .

Therefore we discussed the relationship

between roughness with respect to a family of

functions and their epigraphs and level sets.
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