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Abstract: In this paper a new concept of convexity approximation for non convex set and nonconvex 
function with respect to family of convex sets and to family of convex function respectively is presented. 
This approximation of convexity is called rough convexity. Some properties of these kind of sets and 
functions are discussed.                                                                                            
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 Introductionـ 1

 The concept of convexity of sets and functions plays 
an important role in the field of mathematical 
programming. The convexity ensure the globality of 
solutions. In real life problems the convexity maybe 
not satisfied, so the objective function or the 
constraints or both may not be convex that pushes the 
researchers to relax non convexity of sets and 
functions to what is called generalized convexity such 
as, quasi, pseudo, E-convexity. 

Recently E.A.Youness [ 3 ]  discussed an optimization 
problem that involves roughness notion in the 
constraint set. Also Fang D., [ 6 ] presented rough 
approximation of  non convex set. 

In this paper the rough approximation  non convex set 
and non convex function in terms of family of convex 
sets and family of convex functions , are  presented 
and some their properties are discussed.   

2 - Rough convex set  
 
Definition  2.1 :  Let   X be  an universal  set , F  be a  
family of non-disjoint  convex sets 

 1 2, , , nF A A A   , B X and ( , )x y  is 

a space of segments between x and y in B. B is called 
rough convex with respect to family F if for each   

, , ( , )x y B x y   either contained in  
1

n

i
i

A

   

or  iA    for at least one i .  

The Lower convexity of B is:  

1

( ) ( , ) : ( , ) , ( , )
n

i
i

L Conv x y x y A x y B  


 
   
 


 
and 
The upper convexity of B is: 
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 ioneleastatforAyxyxConvU i   ),(:),()(
  The following figures show the rough convexity of a 
set B with respect to a family of a convex sets. 
In figure (2 - 1) and figure(2 - 2)  the sets  B and B'  

are rough convex with respect to  1 2 3, andA A A ,but 

in figure (2 - 3) and figure (2 - 4)  the sets  B'' and B'''   
are non rough convex with respect to them. 
 
 
 
 

 
 
 

 
 
 
 
Example 2.1 : Consider a universal   
 

 2( , ) : 3 3 , 3 3X x y R x y       
 
 and family F : 

 
2 2 2

1

2 2 2
2

2 2 2
3

{( , ) : ( ) ( 1) 2}

{( , ) : ( 1) ( 1) 3}

{( , ) : ( 1) ( 1) 3}

A x y R x y

F A x y R x y

A x y R x y

     
 

       
       

  
 A set  

2 21
{( , ) : , 0.5 1 , 2 2 }

2
B x y R y x y x x       

 is rough convex with respect to F with: 
Lower convexity of 












i
i

AyxyxL 
3

1

,10,)1(: 

 

And  

upper convexity 

 : (1 ) , 0 1 ,U x y x y B            , 

see  Figure ( 2-5 ). 

 

Figure ( 2 - 5 ) 

Remark 2.1 :.If L(conv) =  U(conv)  of the set B  
,with respect to the family   

 nAAAF ,,, 21   ,then the set B is 

completely convex and hence 
1

n

i
i

B A


  . 

A convex set is rough convex with respect to 
itself and its L(conv) = its U(conv) 

 

Theorem  2.1 :  If  B  is a roughly convex with 
respect to a family of convex sets  

, 1, 2,3,..., ,iA i n  then ' ( )B f B   is a 

roughly  

convex with respect to family , 1,2,3,...,iC i n  

,such that   ( ) ,C i A i C i if x x x C   where  
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,ci i A i ix C x A  ,and  B'  is the image of 

B ( i.e : ( ) ')f B B ). 

Proof:  B is roughly convex with respect to iA , 

so  

1

( , ) or ( , ) ,
n

i i
i

x y A x y A  


  for  

all  ,x y B .  

uppose ', ( )x y B f B    ,   , ix y C   

thus, ( ) , ( ) ,
I i ii A C Af x x f y y      

and  

 

 

, (1 )

(1 )

,

c i c i C i C i

A i A i

A i A i

x y x y

x y

x y

  

   

 

  

          

 

 

So,  

1

( , ) ( , )
i i i i

n

C C i C C i
i

x y C or x y C  


 
. Hence ' ( )B f B  is roughly convex with respect 

to iC    

 

Theorem  2.2  :  If  B X   is a roughly convex 
with respect to a family of convex sets  

, 1,2,3,...,iA i n .Let :f X X   be a map 

such that ( ) , , {1, 2,3,......, }i jf A A i j n    

then ,  ' ( )B f B  is a roughly convex with 
respect to  

family iA . 

Proof :  The proof is clear, since for  
x', ' ' ,y B then there exist  x , y B  such that  

1

x' (1 ) ' ( ) (1 ) ( )
n

i

i

y f x f y A   


       

or  ( ) (1 ) f(y)
i

f x A      , for some  i 

. 

Example  2.2 :  Consider the following two 
families of  convex sets,    

 1 2 3, ,A A A A X R    and  

 1 2 3, ,C C C C ,and   the relation between 

the two families  is given by the following 

: i if A C     such  that   

( , ) ( 6 , 2)f x y x y    

  2( , ) : 4 9, 4 5X x y R x y         

2 2
1

2 2
2

2 2
3

{( , ) : ( 1) ( 1) 4

{ ( , ) : ( ) ( 1) 2

{ ( , ) : ( 1) ( ) 3

A x y x y

A A x y x y

A x y x y

     
      
     

 

The set   

2 2{ , : 5( 0.3) 1, 0.5( 0.3) 0.7 , 0.34 0.94 }B x y R x x x        

 is rough convex with respect to  A 

2 2
1

2 2
2

2 2
3

{( , ) : ( 5) ( 1) 4}

{( , ) : ( 6) ( 3) 2}

{( , ) : ( 7) ( 2) 3}

C x y x y

C C x y x y

C x y x y

     
       
      

 

and the set   
/ 2 2{ , : 5( 6.3) 1, 0.5( 6.3) 2.7 , 5.66 6.94 }B x y R x x x       

 is rough convex with  respect to C ,See Figure(2-6). 

 

                         Figure ( 2-6 ). 

Theorem  2.3 : Let X be an universal set ,  

 1 2, , , nF A A A   is a family of convex 

subsets  

of  X .If  B  and 'B  are roughly convex with 

respect  to   1 2, , , nF A A A  , then  

1.   'B B    is a rough convex  with respect to a 
family F. 

2.  'B B    is not necessarily to be a rough 
convex  with respect to a family F . 

Proof :   

1. Let   , ' ,x y B B x y B    and  

, ' .x y B  
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 Assume ( , )x y the segment whose ends   

an dx y . 

  From the roughly convexity of  B  and  B'  with  

respect to  1 2, , , .nF A A A      

we  have 
( , ) or ( , ) ,i ix y A x y A     for at  

least one  i.     

So, '  B B is rough convexity with respect to  

a family of convex sets.  

2. Let  , 'x y B B    ,  

So may  
, , , ' , 'x y B x y B or x y B B      

    Thus  

( , ) or ( , ) ,for at least onei ix y A x y A i    
' is rough convexityB B   but , If x B  and 

'y B  implies that  'B B    does not necessarily  

contain     , see  Figure ( 2-7 ) 

 
Figure ( 2-7 ) 

Remark  2.2  : 
 The lower and upper approximation of  

convexity  for intersection and union of  two roughly 
convex sets  B and B'  given as:   

1

1

( ) ( , ) : ( , ) , ( , )

( ) ( , ) : ( , ) , for at least one

n

i
ه

n

i
ه

L C on x y x y A x y B B

U C on x y x y A i

  

  





    
 
  

   
  












 see   Figure ( 2-8 ) 

 

                                Figure ( 2-8 ) 

1

1

( ) ( , ) : ( , ) , ( , )

( ) ( , ) : ( , ) , for at least one

n

i
ه

n

i
ه

L Con x y x y A x y B B

U Con x y x y A i

  

  





    
 
  

   
  












 see Figure ( 2-9 )                                                

 

                               Figure ( 2-9 ) 

Preposition  2.1 :  Let X be an universal set ,and  
and 'B B   are roughly convex with respect to a 

family of convex sets  1 2, , , nF A A A  , 

then  the following properties are satisfying 

1.   Intersection properties   

'' )()()( BBBB convLconvLconvL      

( always true ) . 

'' )()()( BBBB convUconvUconvU       

( always true ) . 

2.  Union  properties  

'' )(,)()( BBBB convLconvLconvL    

 ( always true ) .  

'' )(,)()( BBBB convUconvUconvU     

( not always true ). 

Proof :  

 1.  Intuitively  
' a n d ' 'B B B B B B    

      If  
( , ) ' ( , ) and ( , ) 'x y B B x y B x y B     

 

So, ' '( ) ( ) ( )B B B BL conv L conv L conv     

and 

      

' '( ) ( ) ( )B B B BU conv U conv U conv   

2.   Since  ' and ' 'B B B B B B    

3 
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      If  
( , ) , ( , ) ' or ( , ) '

( , ) '

x y B x y B x y B B then

x y B B

  


  





    
So, 

' '( ) ( ) ( )B B B BL conv L conv and L conv             

'' )()()( BBBB convUandconvUconvU   
 But  

' '( ) ( ) ( )B B B BU conv U conv and U conv
   is not necessary to be true  when 

and 'x B y B  . 

3 -  Rough  Supporting  Hyperplane 

Definition  3.1  : Let  X be an universal set in nR   

,B is a rough convex set with respect  to  family 

of convex sets  1 2, , , nA A A   ,  

 1 2 3, ,H H H H    Ԋ  is the set of all  

supporting  hyperplanes of the family .Consider  
the following  three classes : 

 1

 is supporting for at least one 

of  the family and   
:

 

H

H B
H H


 

 
    

2

 is supporting for at least one of  the 

 family and    at one po
:

int
H H

H

H B 
 

 
  

 

3

 is supporting for at least one of  the family 

and    at least one
:

point

H

H B
H H


 

    
 



   
Each element  h H   Ԋ  is called rough 
supporting of  B ,  if  H is a rough set  in  Ԋ  . 
Upper Supporting approximation:   

 : is supporting for at least one , of family andHU H H H B  
 , see Figure ( 3-1 ). 

Lower Supporting approximation:    

 : is supporting for at least one , of family andHL H H H B  
 , see Figure ( 3-2 ). 

 

 

            Figure ( 3-1 )                      Figure ( 3- 2 )                                                     

4 -  Rough Convexity of a Function  

Definition 4.1 : Let  

{ : , 1, 2,.., , ( ) convex}i if B R i k f x     

; 

 be a family of convex functions , ( )f x  is  called  

rough convex  on a convex set nB R   with 

respect to  , if  for each  ,x y B ,   there exist    

( ) , ( )l tf x f x    , such that    

( (1 ) ) ( ) (1 ) ( ) , 0 1l tf x y f x f y          
The upper convexity of f is denoted by ( )U conv f   

and is defined as 

 ( ) : (z) (z) , z x (1 )y , {1,....., }i iU conv f f f f i k       

 

The lower convexity of f is denoted by ( )L conv f   

and is defined as 

 ( ) : (z) (z) , z x (1 ) y , {1,....., }i iL conv f f f f i k       

It is clear that for each   ( )hf L conv f ,  

implies ( ) ( ) ( )h if x f x U conv f  . 

Rough concavity it is defined in similar way by 
reversing the sign  ≤  to  ≥  ,i.e:  

( (1 ) ) ( ) (1 ) ( ) , 0 1l tf x y f x f y            

Examples 4.1 : 

 Let  

2
1 2

2 2
3 4 5

( ) 2 , ( ) 2 6 4 ,

( ) 2 , ( ) 20 , ( ) 16

x

x

f x e f x x x

f x x f x e f x x





       
       

  be  a family of convex function defined on   

 0 , 5B  . The function   

3 21
( ) 15

3
f x x x x     be a rough convex  

function on  B with respect to a family of convex  

functions    . and its upper and lower convexity 
are  

 
 

4 5

1 3

( ) ( ) , ( )

( ) (x) , ( )

U conv f f x f x

L conv f f f x




 

 ,  see Figure ( 4-1 )                                                  
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                             Figure ( 4-1 ) 

In the following, the characterization of  rough 
convexity of a function , in terms of rough 
convexity of its level set and its epigragh , is 
discussed .  

5 -  Rough Epigraph  

Definition  5.1 : Let iE  be an epigraph of a 

convex function if  , let f  be a rough convex 

with respect to the family  if  .An epigraph of  f  

is denoted by  

fE and is defined as :  ( , ) : ( )fE x f x   . 

Theorem  5.1 : If  f  is a rough convex with 
respect to if  ,then fE  is rough convex set with 

espect to  iE  . 

Proof:  Assume     1 1 2 2, and , fx y x y E  , 

i.e.,  

2211 )(,)( yxfyxf   . 

Since f is rough convex with respect to family  , 
so, there exist  ,l tf f   such that   

1 2 1 2( (1 ) ) ( ) (1 ) ( ), [0,1]l tf x x f x f x         

  If andl tf f  are in ( )L conv f , then  

1 1 1( ) ( )lf x f x y   and  

2 2 2( ) ( )tf x f x y   . Therefore, 

1 2 1 2( (1 ) ) (1 )f x x y y        . 

Since andl tf f  are convex, so if  

221 )()( yxfxf tt 
  

then )())1((),)1(( 2121 ll fEyyxx  
.  
Similarly  

)())1((),)1(( 2121 tt fEyyxx    

which  implies  

1 2 1 2{( (1 ) ), ( (1 ) )} ix x y y E         
 
for at least one i.  
Thus the rough convexity of ( )E f  on the other 

hand, if     l tf or f ( )U conv f , then for  

1 1 2 2( , y ) , (x , ) ( )i ix y E f , we get  

1 1 2 2( , y ),(x , ) ( )x y E f . 

Since lf  is convex 

, 1 2 1 2( (1 ) ), ( (1 ) ) ( )l lx x y y E f        , 

 i.e. ,   1 2 1 2( (1 ) ) (1 )lf x x y y        .  

Thus 

 ( )lf U conv f    implies to 

 1 2 1 2

1 2

( (1 ) ) ( (1 ) )

(1 )
lf x x f x x

y y

   
 

    
  

. 

Hence the result .  

Lemma 5.1 : Let  S be a nonempty convex  set subset 

in  nR   , let 1 2,f f   be  rough convex with respect to 

family of  convex functions   

{ (x) : , 1, 2,.., }n
if R R i n      .If   is 

closed under addition then  1 2( ) ( )f x f x   is rough 

convex. 

Proof:  Let  1 2( ) ( ) ( )g x f x f x   , 

1 2( ) , ( )f x f x  are rough convex that means,  for  

each  1 2,x x S , 0 1   , there exist 

(x), (x), (x), ( )t l n mf f f f x    such that :        

1 2(1 ) , 0 1z x x S          and from 

rough convexity of   1( )f x and  2 ( )f x  ,We have  

)()1()()( 211 xfxfzf lt  
   

and      2 1 2( ) ( ) (1 ) ( )n mf z f x f x           

which implies  
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1 2 1 2

1 2 1 2

( ) ( )( ) ( ) ( )

( ) (1 ) ( ) ( ) (1 ) ( )t l n m

g z f f z f z f z

f x f x f x f x   
   
     

                                                 

1 1 2 2[ ( ) ( )] (1 )[ ( ) ( )]t n l mf x f x f x f x     
     1 2( ) (1 ) ( )k rf x f x    , where  

k t nf f f     ,   r l mf f f   

From closeness of  under addition, ,k rf f  . 

Hence the result.  

corollary 5.1  : Let  S be a nonempty convex  set  

subset in  Rn  , let 1( )f x   be  rough convex  and  

2 ( )f x  be rough concave with respect to family  of 

convex functions  

{ : , 1, 2,.., }n
if R R i n    . Then  

1 2( ) ( )f x f x   is rough convex. 

Proof:  The proof  immediately yields from lemma 5.1 
. 

6 -  Level set  

Definition  6.1 : Let  S be a nonempty convex set  

subset in  Rn  . Let :f S R  be a rough convex 

with respect to family  of convex functions      

{ : , 1, 2,.., }n
if R R i n    . A level set  of  

( )f x  is defined as  : ( )S x S f x    , it is 

clear that 
i

SS    , where  

 : ( )
i i iS x S f x    . see Figure ( 6-1 ) 

 

 

                                  Figure ( 6-1 ) 

Theorem  6.2 : Let f be a rough convex with 

respect to family convex functions  

  { : , 1, 2,.., }n
if R R i n      . Assume 

iS  is the level set of if . A level set S  of 

f  is rough convex with respect to 
i

S , 

max i
i

  . 

 Proof:  Since  
i

S S    

, then ,
i

x y S x y  may be in  
i

S  

which implies  (1 )
ii

x y S      

Thus    ( (1 ) )i if x y        

since  f   is rough convex ,  there exist  lf  

and  tf  ,such that  
( (1 ) ) ( ) (1 ) ( ) (1 )l t l tf x y f x f y               

On the other hand , 
, , ,

i ii
x y S x y S    , 

 (1 )
i

x y S      for at least one i . 

 
Conclusion : 
In this paper the definition  of rough 

convexity of set  with respect to a family of 

convex sets ,and rough convexity of function 

with respect to a family of convex functions . 

Therefore we discussed the relationship 

between roughness with respect to a family of 

functions and their  epigraphs and level sets. 
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  التحدب الأستقرابي للمجموعة والدالة

-non )في هذا البحث تم تقديم  مفهوم جديد لتقريب التحدب لكل من المجموعات غير المحدبة   
convex sets )   من المجموعات المحدبة  وكذلك الدوال غير المحدبة (بالنسبة لعائلةnon-convex 

factions   بالنسبة لعائله من الدوال المحدبة . سمي هذا التقريب للتحدب  بالتحدب ألاستقرابي , وتم (
  مناقشة بعض الخصائص لكل من المجموعات والدوال من هذا النوع .


